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In this paper we investigate dynamic networks populated by autonomous mobile agents.
Dynamic networks are networks whose topology can change continuously, at
unpredictable locations and at unpredictable times. These changes are not considered to
be faults, but rather an integral part of the nature of the system. The agents can
autonomously move on the network, with the goal of solving cooperatively an assigned
common task.
Here, we focus on a specific network: the unoriented ring. More specifically, we study 1-
interval connected dynamic rings (i.e., at any time, at most one of the edges might be
missing). The agents move according to the widely used Look-Compute-Move life cycle,
and can be homogenous (thus identical) or heterogenous (agents are assigned colors from
a set of c > 1 colors). For identical agents, their goal is to form a compact segment, where
agents occupy a continuous part of the ring and no two agents occupy the same node – we
call this the Compact Configuration Problem. In the case of agents with colors, called the
Colored Compact Configuration Problem, the goal is to group agents such that each group
is formed by all agents having the same color, it occupies a continuous segment of the
network, and groups of agents having different colors occupy distinct areas of the network.
In this paper we determine the necessary conditions to solve both proposed problems. For
all solvable cases, we provide algorithms for both the monochromatic and the colored
version of the compact configuration problem. All our algorithms work even for the
simplest model where agents have no persistent memory, no communication capabilities
and do not agree on a common orientation within the network. To the best of our
knowledge this is the first work on the compaction problem in a dynamic network.
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ABSTRACT11

In this paper we investigate dynamic networks populated by autonomous mobile agents. Dynamic

networks are networks whose topology can change continuously, at unpredictable locations and at

unpredictable times. These changes are not considered to be faults, but rather an integral part of the

nature of the system. The agents can autonomously move on the network, with the goal of solving

cooperatively an assigned common task.
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Here, we focus on a specific network: the unoriented ring. More specifically, we study 1-interval connected

dynamic rings (i.e., at any time, at most one of the edges might be missing). The agents move according to

the widely used Look-Compute-Move life cycle, and can be homogenous (thus identical) or heterogenous

(agents are assigned colors from a set of c > 1 colors). For identical agents, their goal is to form a

compact segment, where agents occupy a continuous part of the ring and no two agents occupy the

same node – we call this the Compact Configuration Problem. In the case of agents with colors, called

the Colored Compact Configuration Problem, the goal is to group agents such that each group is formed

by all agents having the same color, it occupies a continuous segment of the network, and groups of

agents having different colors occupy distinct areas of the network.
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In this paper we determine the necessary conditions to solve both proposed problems. For all solvable

cases, we provide algorithms for both the monochromatic and the colored version of the compact

configuration problem. All our algorithms work even for the simplest model where agents have no

persistent memory, no communication capabilities and do not agree on a common orientation within the

network. To the best of our knowledge this is the first work on the compaction problem in a dynamic

network.
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1 INTRODUCTION33

Research in the field of distributed computing has always considered fault tolerance as an important aspect34

of algorithm design and there are many studies on algorithms tolerating failures of nodes or links in a35

network. However, in recent years computing over a dynamic distributed system has become popular,36

mainly due to peer-to-peer systems, the intense distribution of mobile devices and the impact of sensors37

networks. In particular, in dynamic networks the system can experience topological changes that are not38

localized and sporadic; on the contrary, the topology changes continuously and at unpredictable locations,39

and these changes are not anomalies (e.g., faults) but rather an integral part of the nature of the system40

Casteigts et al. (2012); Flocchini et al. (2006, 2008); Kuhn and Oshman. (2011). Dynamic networks41

model modern systems such as, for instance, wireless networks. In modern wireless networks nodes42

move continuously changing the induced communication graph. Moreover, thanks to the technological43

∗A preliminary version of this work appeared in Das et al. (2019b). This work has been partially supported by Progetto

PRA 2018 43 (Università di Pisa, Pisa, Italy), Giuseppe Di Luna was supported by the AXA Fellowship. A special thank goes to

Linda Pagli, that participated to the first revision of this paper.
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advancements introduced by Software Defined Networking (SDN) also the once static wired setting is44

acquiring a dynamic dimensions: routing paths and connections among node may frequently change45

orchestrated by the SDN controller.46

A general model for dynamic networks is the evolving graph model, where the dynamic network47

is modelled as a sequence of graphs, all having the same set of nodes, and where the set of edges can48

dynamically change over time; also, each graph in the sequence is a subgraph of the footprint graph49

which represents the overall underlying topology. In order to allow useful tasks to be performed on such a50

network, it is necessary to make few assumptions on the network connectivity: in particular, one common51

model assumes 1-interval connectivity: the network always stays connected, regardless of edges that52

might appear and disappear (see e.g. Kuhn and Oshman. (2011)).53

The study of distributed computations in these kinds of networks has mainly focused on problems54

related to information diffusion, reachability, agreement, and several other communication problems (see55

e.g., Di Luna and Baldoni (2015); Biely et al. (2015); Casteigts et al. (2014); Haeupler and Kuhn. (2012);56

Jadbabaie et al. (2003); Kuhn et al. (2010, 2011); Ren and Beard (2005)). These studies adopt the message57

passing approach, under various different models of dynamic changes of topology.58

An alternative way to deal with highly dynamic environments is to use mobile code: processes migrate59

from node to node of the network. Such processes are also known in the literature as mobile agents, where60

an agent is indeed an autonomous process that moves along the edges of the network and can perform61

computations at its nodes, using its own private memory and state information, as well as the information62

stored in each of the visited nodes.63

In the last few years, several different models for mobile agents have been introduced, depending on64

their model of memory, of vision range, of communication and computation. In particular, there has been65

a lot of research on mobile agents moving in static networks. Here, the main studied problems have been66

exploration Das (2019) (a team of agents has to visit all nodes of the network) and patrolling Kawamura67

and Kobayashi (2015); Czyzowicz et al. (2017) (nodes have to be periodically visited). Work has also68

been done on coordination problems, where the agents are required to form a specific configuration. On69

this topic, one of the most studied problem is the rendezvous Pelc (2019) (or gathering), where all agents70

have to meet at a single node of the network. This problem has been studied both for agents with identities71

and anonymous (and thus identical), and for homonymous agents (i.e., where multiple agents share the72

same color or name). In the latter case, the problem of grouping the agents into teams with specific colors73

is called the team assembling problem Liu et al. (2018).74

The investigation on the use of mobile agents within dynamic graphs started relatively recently:75

following the way pursued in the static networks context, these studies focused mainly on the problems76

of exploration, patrolling and gathering Gotoh et al. (2020); Mandal et al. (2020); Das et al. (2019a);77

Di Luna et al. (2016, 2018); Ilcinkas et al. (2014); Ilcinkas and Wade. (2013), all assuming the 1-interval78

connected networks. Under weaker models of connectivity, the only problem ever studied, to the best of79

our knowledge, is a weaker version of the gathering, where all agents but one gather Bournat et al. (2018).80

An up-to-date survey on computing by mobile agents on dynamic graph is in Di Luna (2019).81

We finally note that the dynamicity can be either adaptive or not Augustine et al. (2016). When82

adaptive, the sequence of graphs generated by the network dynamics depend by the choices made by the83

algorithm: more precisely, the scheduler deciding the dynamics of the network can inspect the state of the84

nodes to generate the worst possible scenario. In the non-adaptive case this sequence is decided apriori,85

before the algorithm starts. In the case of non-randomized algorithms, that is the one we consider in this86

paper, the two models are equivalent (the choices of a deterministic algorithm are predetermined).87

Our Contribution. In the standard definition of the gathering problem, all agents (or all agents in the88

same team) in the end must be at the same node of the network. However, it might not be always89

physically possible for a single node to host a great number of agents at the same time. Motivated by90

this observation, in this paper we define and study the Compact Configuration Problem (CCP) and91

the Colored Compact Configuration Problem (ColoredCCP) problems: we have c teams of agents,92

where all agents in a team share the same color; in CCP c = 1, while in ColoredCCP c > 1. Initially93

the agents are scattered over a dynamic network G. The agents are required to move over the network94

so that, within finite time, all nodes of G occupied by agents having the same color induce a connected95

subgraph of G. In other words, we require the agents to group according to their colors, with all groups96

being disjoint, despite the chance of edges in G that might appear and disappear over time.97

An important aspect of the proposed solution is that it works with agents that do not have memory98
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Periodic Mirror Symmetry Asymmetric

h = 2

Imposs. (Th. 2)

Imposs. (Th. 4) -

h > 2

Imposs. when the symmetry axis goes

through two empty nodes. (Th. 6) Solvable (Th. 5)

Poss. when the symmetry axis goes through a

node occupied by agents or an edge. (Th. 7)

Table 1. Summary of the results for the case of c = 1. Note that it is not possible to have a configuration

that is asymmetric when h = 2 (this is indicated by the - in the table).

Periodic Mirror Symmetry Asymmetric

c > 2

Imposs. (Th. 2)

Imposs. when the symmetry axis goes through

either two empty nodes, or an empy node and one edge,

or two edges and c > 3 (Th. 4)

Solvable (Th. 8 for h > 2)

(Th 9 for h = 2)

Imposs. when the axis of symmetry goes through

either at least one occupied node,

or two edges and c = 3. (Th. 11)

c = 2

Imposs. when the symmetry axis goes

through two empty nodes. (Th. 6) Solvable (Th. 12)

Poss. when the symmetry axis of symmetry does

not go through two empty nodes (Th. 13)

Table 2. Summary of the results for the case of c > 1.

of the past: in other words, the agents are oblivious. The importance of obliviousness comes from its99

link to self-stabilization and fault-tolerance (Dijkstra (1982); Dolev (2000)); in addition to robustness, its100

practical advantage comes from the fact that it does not require any persistent memory (except for storing101

and executing the algorithm itself); its theoretical relevance derives from the fact that its presence renders102

the robots computationally weak and the solution to problems even more challenging. the research on the103

impact and limitations imposed by obliviousness has been investigated quite a lot in the literature (e.g., in104

Lamani et al. (2010); Flocchini et al. (2013); Bérard et al. (2016); Ilcinkas (2019)).105

To the best of our knowledge, even if loosely related to some problems studied in the context of106

autonomous mobile robots that can move on a plane (such as the near-gathering in Pagli et al. (2015)107

or the more recent Bhagat et al. (2020)), this is the first time this problems is studied in the context of108

a dynamic network populated by a distributed teams of autonomous and mobile agents. In this paper,109

to better understand the difficulties of the problem, we restrict ourselves to the ring network. In a ring,110

solving the CCP problem requires all agents (all of them have the same color) to occupy the nodes of a111

continuous segment of the network, with each node occupied by at most a single agent. With c > 1 teams112

(ColoredCCP), in the end all teams are required to occupy different sections of the ring.113

Although conceptually simple, a ring is highly symmetrical, and it is quite often challenging to solve114

problems requiring symmetry breaking, like the ones studied here. We assume that neither the nodes115

nor the agents possess any unique identifiers, which makes the problem much harder. Moreover we116

consider the network to be dynamic: in particular, we assume the network to be 1-interval connected117

(at most one edge of the ring might be missing at any time). The results shown in this paper provide a118

full characterization of the solvable instances for both CCP and ColoredCCP. In particular, we show119

that only local visibility is not sufficient for solving the problem, even if the agents have unbounded120

memory. On the other hand, with global visibility of the network, even oblivious agents (i.e., agents with121

no persistent memory) can solve the problem.122

The structure of the paper is as follows: in Section 2 we formally define the problem; in Section 3123

impossibility results are reported; in Section 4 we present the solution for CCP with Global Snapshot124

and c = 1; Sections 5 and 6 introduce the protocols for ColoredCCP with Global Snapshot and c ≥ 2;125

Section 7 concludes the paper. Finally, a summary of all the results is reported in Tables 1 and 2.126

2 PRELIMINARIES127

We model a dynamic network as a graph where edges can change over time. The changes are decided by128

a fictional omniscient adversarial entity. On top of this dynamic graph a set of agents move, along the129

edges of the graph, with the final goal of forming a compact segment. In the following, we introduce the130
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main definitions used throughout the paper. The system is synchronous: agents perform their operations131

in discrete time units called round. Rounds are univocally mapped to numbers in N, starting from 0. All132

agents start the execution at round 0.133

Interval Connected Ring. A dynamic graph G is an infinite sequence of static graphs (G0,G1, . . .).134

For each round r ∈ N we have a graph Gr : (V,E(r)) where V : {v0, . . . ,vn−1} is a set of nodes and135

E : N→ 2(
V
2) is a function mapping a round r to a set of undirected edges. Given a dynamic graph G ,136

its footprint G is the graph obtained by the union of all graph instances G = (V,E∞) = (V,∪+∞

i=0E(i)). A137

dynamic graph G is a 1-interval connected ring if its footprint is a ring and Gr is connected, for each138

round r. In this paper, we assume 1-interval connected ring such that at most one edge of the ring can be139

missing at any time; such an edge is arbitrarily chosen by an adversary. Throughout the paper we will140

refer to such a network by dynamic ring. The graph G is anonymous, i.e. all nodes are identical to the141

agents, the endpoints of each edge are unlabelled, and we do not assume any common orientation (i.e the142

ring is not oriented).143

The agents. We consider a set of autonomous agents, A = {a1, . . . ,ak} that are initially located on144

distinct nodes of a dynamic ring. Each agent has an initial color in [0,c−1] (when c = 1, all agents have145

the same color). When c > 1, we assume that the sets of agents having the same color all have the same146

size h, with h ≥ 2 , that the size of the ring is at least 2hc+ c, and that there exists a total ordering on the147

colors; in particular, we call f irst color the first color in this ordering. Also, the color assigned to each148

agent is fixed at the beginning and it cannot be changed.149

All agents execute a sequence of Look, Compute, Move cycles. In our (synchronous) system, each150

Look, Compute, Move cycle is executed at the beginning of each round, and it takes exactly one round to151

complete. In the Look phase of each cycle, the agent gets a snapshot of the environment. In the Compute152

phase the agent uses the information obtained from this snapshot to compute the next destination, which153

may be the current node or one of its neighbours; all agents run the same algorithm. Finally, during the154

Move phase an agent traverses an edge to reach the destination node. Given a direction of movement, we155

say that an agent a is blocked by the missing edge if the edge adjacent to a, in the chosen direction of156

movement, is missing. Note that blocked here refers only to the fact that the current direction of the agent157

is blocked by a missing edge; thus, it does not imply that the agent cannot change direction, hence follow158

an edge that is indeed alive.159

We say that two agents collide if they occupy the same node at the same round. When two (or more)160

agents with distinct colors occupy the same node, we say that the collision is admissible.161

The agents are oblivious, that is they have no persistent memory. This means that the robots have no162

memory of past actions and computations, and the computation is based solely on what determined in the163

Look of the current cycle. In other words: for the robots, every configuration occurs as if for the first time.164

The visibility of the agents may be either global or local:165

• Global Snapshot: The snapshot obtained by an agent in round r contains the graph Gr (with the166

current location of the agent marked), and, ∀v ∈ Gr, the colors of the agents (if any) that are located167

in node v.168

• Local Snapshot: The snapshot obtained by an agent placed at a node v in round r contains the same169

information as in the Global Snapshot model for all nodes at distance at most R from v.170

Configurations and other definitions. The configuration of the set of agents A at round r is a function171

Cr : A → V that maps agents in A to nodes of V where agents are located. The initial configuration is172

the configuration of agents at round 0; when clear by the context, we will use C to denote the current173

configuration. We denote by Cr(A) the set of nodes where agents in A are located at round r, and by174

G[Cr(A)] the subgraph induced by the locations of agents in A in graph G at round r.175

A segment is a set of nodes of G that have connected footprint and that do not form a cycle. Given a176

node v ∈ G we say that the node is empty at round r if in Cr there is no agent on v. Similarly, we say that177

a segment of nodes is empty at round r if all nodes of the segment are empty. We say that a segment is full178

if each node of the segment contain agents of the same color.179

A full segment S is blocked by the missing edge if an agent in S is blocked according to its chosen180

direction of movement. Also, we say that S moves when all agents in the segment do a move in a given181

direction. Given two disjoint segments, the distance between them is the minimum number of nodes182

between two endpoints of the segments.183
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(c)

Figure 1. Examples of configurations that are: (a) periodic with with 4 axes of symmetry; (b) with a

mirror symmetry, and (c) aperiodic.
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(b)

Figure 2. Example of (a) a configuration where solving ColoredCCP with only swap of agents is not

possible, and (b) a configuration that is a solution for our definition of ColoredCCP.

Finally, the configuration of a set of agents is said to be (refer to Figure 1): (1) Periodic if the agents184

are placed periodically on the ring, that is there is a rotational symmetry of less than 2π; (2) Mirror185

Symmetric if the configuration contains an unique axis of symmetry; i.e., a rotational symmetry of 2π186

(in this case, we will also say that the configuration has a Mirror Symmetry); and (3) Asymmetric if the187

configuration is neither periodic nor mirror symmetric.188

The Compact Configuration Problem. We are now ready to introduce the two problems that will be189

investigated in the remainder of the paper. In the CCP problem the agents, initially arbitrarily placed,190

move to form one full segment (i.e., with no empty nodes).191

Definition 1 (Compact Configuration Problem). Given a dynamic graph G with footprint G and a set192

of agents A, we say that an algorithm solves the distributed Compact Configuration Problem (CCP) if193

and only if there exists a round r, when G[Cr(A)] is connected and each agent occupies a distinct node.194

For multi-colored agents, our goal is for agents of the same color to occupy continuous segments,195

while agents of distinct colors are separated. Interestingly, if agents of different colors cannot occupy the196

same node at the same time, then it is impossible to form two disjoint full segments. We will show this197

fact by constructing a counter-example, as described by the following:198

Theorem 1. Given a dynamic ring and two coloured set of agents of size 4, there exists no algorithm199

that, from any possible starting configuration, is able to form two non-overlapping full segments, while200

avoiding collisions of agents having different color.201

Proof. Starting from the configuration in Figure 2(a), we explored the space of all possible solutions202

using a computer-assisted method. We define a state to be a binary string of 8 digits, with exactly four203

digits being equal to 0 (the first color) and other four equal to 1 (the second color), and such that the string204

is not sorted (neither increasing nor decreasing). The state represents a configurations in which agents205
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having two different colors are interleaved. For instance, the state of the configuration in Figure 2(a) is206

00010111.207

In particular, we examined 54 different possible states; actually, the number of possible different208

states is larger: however, we restricted the space of states by grouping both complement configurations209

(i.e., 00100111 and 11011000) and cyclically shifted configurations (i.e, 00010111 and 10001011, that210

are cyclically shifted by 1 position to the right). For each of the examined states, we verified that an211

adversarial scheduler is always able to block an edge such that, for any possible switch of agents, it is not212

possible to reach a configuration with two non-overlapping full segments (i.e., state 00001111).213

The code used to explore the space of possible solutions can be accessed at the following url: https:214

//colab.research.google.com/drive/1W1H27vdTLC3cEs2rYc2k8TO3ivbppjOR.215

Unfortunately, we do not know whether the previous impossibility holds also when then number of216

agents with the same color is 3.217

Because of the result proven by previous theorem, in the ColoredCCP problem, we require all agents218

having the same color to form one full segment, and that at most two of these full segments intersect (see219

Figure 2(b)).220

Definition 2 (Colored Compact Configuration Problem). Given a dynamic graph G with footprint G221

and sets of agents Ai, where all agents in the i-th set have the same color i, with i ∈ [1,c] and c ≥ 2, we222

say that an algorithm solves the distributed Colored Compact Configuration Problem (ColoredCCP)223

if and only if there exists a round r where, for each i ∈ [1,c]: (i) each agent in Ai occupies a different node224

and G[Cr(Ai)] is connected; and (ii) there exists at most two distinct colors p and j such that G[Cr(Ap)]225

and G[Cr(A j)] intersect.226

In the following, we will refer to a configuration that satisfies either Definition 1 or Definition 2 as a227

compacted configuration.228

3 BASIC IMPOSSIBILITIES229

In this section, we will show under which conditions the problem is not solvable.230

3.1 Periodic Configurations231

Let us start with a general results, that holds also in case the ring is not dynamic.232

Theorem 2. Given a ring G , and a set of agents A initially placed on G0 in a configuration that is233

periodic and not compacted, it is impossible to solve the CCP or the ColoredCCP problem, even in the234

Global Snapshot model.235

Proof. In a periodic configuration, the ring can be partitioned into identical non-full segments. In case no236

edge is ever missing, the initial symmetry between the agents cannot be broken deterministically: in fact,237

agents occupying equivalent positions in different segments can only take the same action in each step;238

thus, the configuration can only stay periodic. Finally, by observing that any compacted configuration239

(with k < n) is not periodic, the theorem follows.240

Therefore, in the following we will assume that the initial configuration is either asymmetric or241

contains a mirror symmetry.242

3.2 Local Snapshots243

In this section we show that the compaction problem cannot be solved in the Local Snapshot model, even244

when the initial configuration is asymmetric. The visibility graph of a configuration C is defined as the245

graph Gvis = (A,E), where A is the set of agents and (a,b) ∈ E whenever agent b is within distance R246

from a.247

Theorem 3. In the Local Snapshot model, starting from a configuration C such that C is asymmetric and248

has a connected visibility graph, there is no algorithm that solves CCP, avoiding collisions, even if the249

agents have unbounded memory.250
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Figure 3. An asymmetric configuration where CCP is unsolvable with visibility radius R = 3.

Proof. The proof is based on the concept of local view of an agent: the local view is the part of the entire251

configuration that the agent can see. More formally, given an agent a at node v of G with visibility radius252

R, its local view is an ordered list of 2R elements; the element of the list in position j is of the form253

“distance j:(L:vL, R:vR)”, where vL (resp., vR) is either 0 or 1 depending on whether the j-th node to the254

left (resp., to the right) of a is empty or not (being the ring unoriented, left and right refer to the local255

notion that a has of left/right). For instance, let us consider the agent a1 in Figure 3 with visibility radius256

3: its local view is [distance 1:(L : 0,R : 1),distance 2:(L : 1,R : 1),distance 3:(L : 1,R : 1)].257

Let us now consider the configuration C depicted in Figure 3, with R = 3, and let us first focus258

on agents a3 and a4: they both have the same local view [distance 1:(L : 0,R : 1),distance 2:(L : 1,R :259

1),distance 3:(L : 1,R : 1)] (note that being the ring unoriented, they may have different notion of left/right260

and clockwise/counter-clockwise direction). Therefore, they either both move or they both stay still. In261

case they both move, there will be a collision. Thus, to avoid collision, they should not move. The same262

holds for the pair of agents a5 and a6, that also have the same view of a3 and a4, and for the pair of263

agents a2,a7. In contrast, a1 and a8 have a different view: [distance 1:(L : 0,R : 1),distance 2:(L : 1,R :264

1),distance 3:(L : 1,R : 1)].265

Let us now focus on agent a1: before deciding to move to v2, it has to be sure that a2 does not decide266

to do the same. Therefore, a1 tries to infer the local view of agent a2. In particular:267

• a1 sees that a2 has an empty node (i.e., v2) and an occupied node (i.e., v3) at distance 1;268

• a1 sees that a2 has an occupied node at distance 2 (i.e., a1), but cannot see whether the other node at269

distance 2 from a2 (i.e., v4) is occupied or not; and270

• a1 sees that a2 has an occupied node at distance 3 (i.e., v1), but cannot see whether the other node at271

distance 3 from a2 (i.e., v5) is occupied or not.272

Therefore, a1 can only infer a partial view of a2 (i.e., [distance 1:(0,1),distance 2:(1, ·),distance 3:(1, ·)]);273

and it cannot decide whether a2 has a different view from its own view (notice that a1 is not aware of the274

orientation of a2). Hence, it cannot decide to safely move to v2 without the risk of colliding with a2.275

The same argument also holds for a2, a7 and a8; thus, agents a1,a2, . . . ,a8 cannot move. Therefore,276

none of the agents can move if they want to avoid collision. Hence it is not possible to reach a configuration277

in which agents form compact lines. The same argument can be extended for agents having any visibility278

radius R by using a sufficiently large ring.279

We note that the previous theorem holds for any ring, even non dynamic ones.280

3.3 The Case of Two Agents281

Finally, in this section we examine the very special case of having only two agents in the system. It is282

clear that in such a case only the monocromatic version of the problem makes sense: in fact, if the two283

agents have different colors, then the problem is solved by definition. Surprisingly, solving CCP with two284

agents, in arbitrary initial configurations, is impossible.285

Theorem 4. Let us consider an arbitrary dynamic ring G and an arbitrary initial configuration with two286

agents. Then, it is impossible to solve CCP.287
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Proof. First, notice that if the two agents are antipodal, the configuration is periodic and, by Theorem 2,288

the theorem follows. Thus, let us assume that at the beginning the two agents are not antipodal.289

Also, notice that with only two non-neighbors agents in the ring, the configuration has always an290

unique axis of symmetry, say ax. If ax, passes through two empty nodes, the problem cannot be solved:291

in fact, any movement of the agents would keep ax passing through two empty nodes (remember that a292

collision of agents with the same color is not admissible), the two agents can never become neighbors,293

and the theorem follows.294

Hence, ax has to pass through at least one edge. Note that, the only possible strategy for the agents295

to form a full segment is to move towards one of the two edges crossed by ax, say e. Referring to the296

example depicted in Figure 4, we distinguish the two possible cases:297

1. ax passes through a node (Figure 4.(a)). As stressed before, to solve the problem the agents can only298

try to reach e. If, during this movements, one of the two agents cannot move because of a missing299

edge (Figure 4.(b)), either they stay still forever (and CCP cannot be solved), or one of them moves.300

In this second case, the configuration stays as a new axis of symmetry passing through an empty node301

and edge e′ that is antipodal with respect to e (Figure 4.(c)). In order to correctly achieve compaction,302

the agents now have to start converging towards e′. If, during these movements, one of the edge is303

missing, this argument can be iterated, hence a compacted configuration never achieved, and the304

theorem follows.305

2. ax passes through two edges (Figure 4.(d)). Let e the edge elected by the agents (being the configura-306

tion aperiodic, agents can always elect e). If, during these movements, one of the two agents cannot307

move because of a missing edge (Figure 4.(e)), either they stay still forever (and compaction never308

achieved), or one of them keeps moving in the same direction: in this second case, the configuration309

has a new axis of symmetry passing now through two empty nodes (Figure 4.(f)). Now, by previous310

Case 1, CCP cannot be solved. Therefore, the other option they have is to switch direction, and311

start moving towards the edge e′ on the axis of symmetry, antipodal to e (Figure 4.(g)). In this case312

(Figure 4.(h)), we end up again in a scenario similar to the one in Figure 4.(d). Hence, by iterating313

the argument, we can conclude that a compacted configuration is never achieved, and the theorem314

follows.315

e

e0

e
e

e

e0 e0

<latexit sha1_base64="yJxhgQ3V629XC7aFkYn+H73YUdg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyNyyBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epoqxFYxGrToCaCS5Zy3AjWCdRDKNAsMdgfDPzH5+Y0jyWD2aSMD/CoeQhp2isdF/F83654tbcOcgq8XJSgRzNfvmrN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5s8qAhLGyJQ2Zq78nMoy0nkSB7YzQjPSyNxP/87qpCa/8jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QROoQoeXEIDbqEJLaAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOJsY1N</latexit>

(a)
<latexit sha1_base64="t+LcOJ3nK2W7zHJI5x5G2cmAGCg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99XgvF+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuau5dvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8weLNo1O</latexit>

(b)
<latexit sha1_base64="W6GiLxFPc1wCexejQjOsmmLA8yo=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK91V23i9X3Jo7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdr3kXNfeuXmlc53EU4QROoQoeXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOMu41P</latexit>

(c)
<latexit sha1_base64="edPJvuk5kOt89dHrSPAD8a+jEX4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN7eHmzY27vszpkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCobZJMM95iiUx0J6CGS6F4CwVK3kk1p3Eg+WMwupn5j09cG5GoBxyn3I/pQIlIMIpWuq+G5/1yxa25c5BV4uWkAjma/fJXL0xYFnOFTFJjup6boj+hGgWTfFrqZYanlI3ogHctVTTmxp/MT52SM6uEJEq0LYVkrv6emNDYmHEc2M6Y4tAsezPxP6+bYXTlT4RKM+SKLRZFmSSYkNnfJBSaM5RjSyjTwt5K2JBqytCmU7IheMsvr5J2veZd1Ny7eqVxncdRhBM4hSp4cAkNuIUmtIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w+OQI1Q</latexit>

(d)

<latexit sha1_base64="TxnjMmcpAZwOBPGaUOi457j/fpE=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK91U875crbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu17yLmntXrzSu8ziKcAKnUAUPLqEBt9CEFjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGPxY1R</latexit>

(e)
<latexit sha1_base64="8iAD/5oLuj+e5qQg0r5ouO2RXb0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq+G5/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuau5dvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8weRSo1S</latexit>

(f)
<latexit sha1_base64="TkFSM9f7Ad7JPBLObSoeUGI5bxA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN6yd2zY27vszpkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCobZJMM95iiUx0J6CGS6F4CwVK3kk1p3Eg+WMwupn5j09cG5GoBxyn3I9ppEQoGEUr3Vej83654tbcOcgq8XJSgRzNfvmrN0hYFnOFTFJjup6boj+hGgWTfFrqZYanlI1oxLuWKhpz40/mp07JmVUGJEy0LYVkrv6emNDYmHEc2M6Y4tAsezPxP6+bYXjlT4RKM+SKLRaFmSSYkNnfZCA0ZyjHllCmhb2VsCHVlKFNp2RD8JZfXiXtes27qLl39UrjOo+jCCdwClXw4BIacAtNaAGDCJ7hFd4c6bw4787HorXg5DPH8AfO5w+Sz41T</latexit>

(g)
<latexit sha1_base64="SviKSLSmElynrML3ota25jBZUCk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq+Ozvvliltz5yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2veZd1Ny7eqVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+UVI1U</latexit>

(h)
e

Figure 4. Proof of Theorem 4. (a) Axis passes through one edge and one node. Agents move towards

the elected edge. (b) One of the agents is blocked, the other moves. (c) The symmetry axis changes, as

well as the elected edge. (d) Axis passes through two edges: agents move towards the elected edge. (e)

One of the agents is blocked. (f) If the other agent moves, a configuration where CCP is unsolvable is

reached: the axis passes through two nodes. (g) The agents have to move in the other direction. (h) The

configuration is symmetric to the initial one (i.e., the configuration in (d)).
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a1
<latexit sha1_base64="OnFwoYWTe63YaliPxHxjWiItNLM=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGU89m6W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8ePlLTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZMDYCmyJUoen4YFFJjU2SpLATGYTAV9j2J1eZ335AY2Wo72gaYT+AsZYjKYBS6RYG3qBSdWtuDr5IvIJUWYHGoPLVG4YiDlCTUGBt13Mj6idgSAqFs3IvthiBmMAYuynVEKDtJ3nUGT+OLVDIIzRcKp6L+HsjgcDaaeCnkwHQvZ33MvE/rxvT6KKfSB3FhFpkh0gqzA9ZYWTaAfKhNEgEWXLkUnMBBojQSA5CpGKcllJO+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQQbsyf2zF6cR+fVeXPef0aXnGLngP2B8/ENjjCSDg==</latexit><latexit sha1_base64="OnFwoYWTe63YaliPxHxjWiItNLM=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGU89m6W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8ePlLTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZMDYCmyJUoen4YFFJjU2SpLATGYTAV9j2J1eZ335AY2Wo72gaYT+AsZYjKYBS6RYG3qBSdWtuDr5IvIJUWYHGoPLVG4YiDlCTUGBt13Mj6idgSAqFs3IvthiBmMAYuynVEKDtJ3nUGT+OLVDIIzRcKp6L+HsjgcDaaeCnkwHQvZ33MvE/rxvT6KKfSB3FhFpkh0gqzA9ZYWTaAfKhNEgEWXLkUnMBBojQSA5CpGKcllJO+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQQbsyf2zF6cR+fVeXPef0aXnGLngP2B8/ENjjCSDg==</latexit><latexit sha1_base64="OnFwoYWTe63YaliPxHxjWiItNLM=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGU89m6W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8ePlLTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZMDYCmyJUoen4YFFJjU2SpLATGYTAV9j2J1eZ335AY2Wo72gaYT+AsZYjKYBS6RYG3qBSdWtuDr5IvIJUWYHGoPLVG4YiDlCTUGBt13Mj6idgSAqFs3IvthiBmMAYuynVEKDtJ3nUGT+OLVDIIzRcKp6L+HsjgcDaaeCnkwHQvZ33MvE/rxvT6KKfSB3FhFpkh0gqzA9ZYWTaAfKhNEgEWXLkUnMBBojQSA5CpGKcllJO+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQQbsyf2zF6cR+fVeXPef0aXnGLngP2B8/ENjjCSDg==</latexit><latexit sha1_base64="OnFwoYWTe63YaliPxHxjWiItNLM=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGU89m6W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8ePlLTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZMDYCmyJUoen4YFFJjU2SpLATGYTAV9j2J1eZ335AY2Wo72gaYT+AsZYjKYBS6RYG3qBSdWtuDr5IvIJUWYHGoPLVG4YiDlCTUGBt13Mj6idgSAqFs3IvthiBmMAYuynVEKDtJ3nUGT+OLVDIIzRcKp6L+HsjgcDaaeCnkwHQvZ33MvE/rxvT6KKfSB3FhFpkh0gqzA9ZYWTaAfKhNEgEWXLkUnMBBojQSA5CpGKcllJO+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQQbsyf2zF6cR+fVeXPef0aXnGLngP2B8/ENjjCSDg==</latexit>

a2
<latexit sha1_base64="KCcFQJRuZtfWyGVRKhekAPgvZfA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsYNobVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpNOoO3bduTmrNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vj7+SDw==</latexit><latexit sha1_base64="KCcFQJRuZtfWyGVRKhekAPgvZfA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsYNobVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpNOoO3bduTmrNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vj7+SDw==</latexit><latexit sha1_base64="KCcFQJRuZtfWyGVRKhekAPgvZfA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsYNobVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpNOoO3bduTmrNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vj7+SDw==</latexit><latexit sha1_base64="KCcFQJRuZtfWyGVRKhekAPgvZfA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsYNobVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpNOoO3bduTmrNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vj7+SDw==</latexit>

S1
<latexit sha1_base64="wsBffZYNoA5vfD5FIxCgB4voGi0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIQ8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73O/O4DaiPD4I5mEbo+nwRyLAWnVGq1hs6wWrPrdg62TJyC1KBAc1j9GoxCEfsYkFDcmL5jR+QmXJMUCueVQWww4mLKJ9hPacB9NG6SR52zk9hwClmEmknFchF/byTcN2bme+mkz+neLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoBspHUSMSz5MhkwATXnAi1ZFyIVIzTUippH87i98ukc1Z37Lpze15rXBXNlOEIjuEUHLiABtxAE9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AXhCkgA=</latexit><latexit sha1_base64="wsBffZYNoA5vfD5FIxCgB4voGi0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIQ8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73O/O4DaiPD4I5mEbo+nwRyLAWnVGq1hs6wWrPrdg62TJyC1KBAc1j9GoxCEfsYkFDcmL5jR+QmXJMUCueVQWww4mLKJ9hPacB9NG6SR52zk9hwClmEmknFchF/byTcN2bme+mkz+neLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoBspHUSMSz5MhkwATXnAi1ZFyIVIzTUippH87i98ukc1Z37Lpze15rXBXNlOEIjuEUHLiABtxAE9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AXhCkgA=</latexit><latexit sha1_base64="wsBffZYNoA5vfD5FIxCgB4voGi0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIQ8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73O/O4DaiPD4I5mEbo+nwRyLAWnVGq1hs6wWrPrdg62TJyC1KBAc1j9GoxCEfsYkFDcmL5jR+QmXJMUCueVQWww4mLKJ9hPacB9NG6SR52zk9hwClmEmknFchF/byTcN2bme+mkz+neLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoBspHUSMSz5MhkwATXnAi1ZFyIVIzTUippH87i98ukc1Z37Lpze15rXBXNlOEIjuEUHLiABtxAE9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AXhCkgA=</latexit><latexit sha1_base64="wsBffZYNoA5vfD5FIxCgB4voGi0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIQ8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73O/O4DaiPD4I5mEbo+nwRyLAWnVGq1hs6wWrPrdg62TJyC1KBAc1j9GoxCEfsYkFDcmL5jR+QmXJMUCueVQWww4mLKJ9hPacB9NG6SR52zk9hwClmEmknFchF/byTcN2bme+mkz+neLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoBspHUSMSz5MhkwATXnAi1ZFyIVIzTUippH87i98ukc1Z37Lpze15rXBXNlOEIjuEUHLiABtxAE9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AXhCkgA=</latexit>

S2
<latexit sha1_base64="ne727eLjxLmhqIsu79RnGcv2rpw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BrwlgL7IhQhbrncYNKBtghSQp7kUbuewrvvOlV5t89oDYyDG5pFqHr80kgx1JwSqV2e9gYVmt23c7BlolTkBoUaA2rX4NRKGIfAxKKG9N37IjchGuSQuG8MogNRlxM+QT7KQ24j8ZN8qhzdhIbTiGLUDOpWC7i742E+8bMfC+d9Dndm0UvE//z+jGNL9xEBlFMGIjsEEmF+SEjtEw7QDaSGol4lhyZDJjgmhOhlowLkYpxWkol7cNZ/H6ZdBt1x647N2e15mXRTBmO4BhOwYFzaMI1tKADAibwBM/wYj1ar9ab9f4zWrKKnUP4A+vjG3nRkgE=</latexit><latexit sha1_base64="ne727eLjxLmhqIsu79RnGcv2rpw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BrwlgL7IhQhbrncYNKBtghSQp7kUbuewrvvOlV5t89oDYyDG5pFqHr80kgx1JwSqV2e9gYVmt23c7BlolTkBoUaA2rX4NRKGIfAxKKG9N37IjchGuSQuG8MogNRlxM+QT7KQ24j8ZN8qhzdhIbTiGLUDOpWC7i742E+8bMfC+d9Dndm0UvE//z+jGNL9xEBlFMGIjsEEmF+SEjtEw7QDaSGol4lhyZDJjgmhOhlowLkYpxWkol7cNZ/H6ZdBt1x647N2e15mXRTBmO4BhOwYFzaMI1tKADAibwBM/wYj1ar9ab9f4zWrKKnUP4A+vjG3nRkgE=</latexit><latexit sha1_base64="ne727eLjxLmhqIsu79RnGcv2rpw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BrwlgL7IhQhbrncYNKBtghSQp7kUbuewrvvOlV5t89oDYyDG5pFqHr80kgx1JwSqV2e9gYVmt23c7BlolTkBoUaA2rX4NRKGIfAxKKG9N37IjchGuSQuG8MogNRlxM+QT7KQ24j8ZN8qhzdhIbTiGLUDOpWC7i742E+8bMfC+d9Dndm0UvE//z+jGNL9xEBlFMGIjsEEmF+SEjtEw7QDaSGol4lhyZDJjgmhOhlowLkYpxWkol7cNZ/H6ZdBt1x647N2e15mXRTBmO4BhOwYFzaMI1tKADAibwBM/wYj1ar9ab9f4zWrKKnUP4A+vjG3nRkgE=</latexit><latexit sha1_base64="ne727eLjxLmhqIsu79RnGcv2rpw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BrwlgL7IhQhbrncYNKBtghSQp7kUbuewrvvOlV5t89oDYyDG5pFqHr80kgx1JwSqV2e9gYVmt23c7BlolTkBoUaA2rX4NRKGIfAxKKG9N37IjchGuSQuG8MogNRlxM+QT7KQ24j8ZN8qhzdhIbTiGLUDOpWC7i742E+8bMfC+d9Dndm0UvE//z+jGNL9xEBlFMGIjsEEmF+SEjtEw7QDaSGol4lhyZDJjgmhOhlowLkYpxWkol7cNZ/H6ZdBt1x647N2e15mXRTBmO4BhOwYFzaMI1tKADAibwBM/wYj1ar9ab9f4zWrKKnUP4A+vjG3nRkgE=</latexit>

d1
<latexit sha1_base64="stPQGk3D+r6GsWDHoNXON3lO1wI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpSRaCiDIA8psaLzZRNOOZ+tuzUoivIJtFDRIVq+h4J/wTYuIGGq0cyudnaCWElLrvvplFZW19Y3ypuVre2d3b3q/kHbRokR2BKRikw34BaV1NgiSQq7sUEeBgo7weQq8zsPaKyM9B1NY/RDPtZyJAWnVLodDrxBtebW3RxsmXgFqUGB5qD61R9GIglRk1Dc2p7nxuTPuCEpFM4r/cRizMWEj7GXUs1DtP4sjzpnJ4nlFLEYDZOK5SL+3pjx0NppGKSTIad7u+hl4n9eL6HRpT+TOk4ItcgOkVSYH7LCyLQDZENpkIhnyZFJzQQ3nAiNZFyIVEzSUippH97i98ukfVb33Lp3c15rnBfNlOEIjuEUPLiABlxDE1ogYAxP8AwvzqPz6rw57z+jJafYOYQ/cD6+AY6tkgM=</latexit><latexit sha1_base64="stPQGk3D+r6GsWDHoNXON3lO1wI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpSRaCiDIA8psaLzZRNOOZ+tuzUoivIJtFDRIVq+h4J/wTYuIGGq0cyudnaCWElLrvvplFZW19Y3ypuVre2d3b3q/kHbRokR2BKRikw34BaV1NgiSQq7sUEeBgo7weQq8zsPaKyM9B1NY/RDPtZyJAWnVLodDrxBtebW3RxsmXgFqUGB5qD61R9GIglRk1Dc2p7nxuTPuCEpFM4r/cRizMWEj7GXUs1DtP4sjzpnJ4nlFLEYDZOK5SL+3pjx0NppGKSTIad7u+hl4n9eL6HRpT+TOk4ItcgOkVSYH7LCyLQDZENpkIhnyZFJzQQ3nAiNZFyIVEzSUippH97i98ukfVb33Lp3c15rnBfNlOEIjuEUPLiABlxDE1ogYAxP8AwvzqPz6rw57z+jJafYOYQ/cD6+AY6tkgM=</latexit><latexit sha1_base64="stPQGk3D+r6GsWDHoNXON3lO1wI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpSRaCiDIA8psaLzZRNOOZ+tuzUoivIJtFDRIVq+h4J/wTYuIGGq0cyudnaCWElLrvvplFZW19Y3ypuVre2d3b3q/kHbRokR2BKRikw34BaV1NgiSQq7sUEeBgo7weQq8zsPaKyM9B1NY/RDPtZyJAWnVLodDrxBtebW3RxsmXgFqUGB5qD61R9GIglRk1Dc2p7nxuTPuCEpFM4r/cRizMWEj7GXUs1DtP4sjzpnJ4nlFLEYDZOK5SL+3pjx0NppGKSTIad7u+hl4n9eL6HRpT+TOk4ItcgOkVSYH7LCyLQDZENpkIhnyZFJzQQ3nAiNZFyIVEzSUippH97i98ukfVb33Lp3c15rnBfNlOEIjuEUPLiABlxDE1ogYAxP8AwvzqPz6rw57z+jJafYOYQ/cD6+AY6tkgM=</latexit><latexit sha1_base64="stPQGk3D+r6GsWDHoNXON3lO1wI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpSRaCiDIA8psaLzZRNOOZ+tuzUoivIJtFDRIVq+h4J/wTYuIGGq0cyudnaCWElLrvvplFZW19Y3ypuVre2d3b3q/kHbRokR2BKRikw34BaV1NgiSQq7sUEeBgo7weQq8zsPaKyM9B1NY/RDPtZyJAWnVLodDrxBtebW3RxsmXgFqUGB5qD61R9GIglRk1Dc2p7nxuTPuCEpFM4r/cRizMWEj7GXUs1DtP4sjzpnJ4nlFLEYDZOK5SL+3pjx0NppGKSTIad7u+hl4n9eL6HRpT+TOk4ItcgOkVSYH7LCyLQDZENpkIhnyZFJzQQ3nAiNZFyIVEzSUippH97i98ukfVb33Lp3c15rnBfNlOEIjuEUPLiABlxDE1ogYAxP8AwvzqPz6rw57z+jJafYOYQ/cD6+AY6tkgM=</latexit>

d2
<latexit sha1_base64="vf4+VhovV2JtkHDIKXBTshbk9dY=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjSFBGoqEMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uwq83sPqI0MgzuaR+j6fBrIiRScUul2PGqMqjW7budgq8QpSA0KtEfVr+E4FLGPAQnFjRk4dkRuwjVJoXBRGcYGIy5mfIqDlAbcR+MmedQFO4sNp5BFqJlULBfx90bCfWPmvpdO+pzuzbKXif95g5gml24igygmDER2iKTC/JARWqYdIBtLjUQ8S45MBkxwzYlQS8aFSMU4LaWS9uEsf79Kuo26Y9edm2at1SyaKcMJnMI5OHABLbiGNnRAwBSe4BlerEfr1Xqz3n9GS1axcwx/YH18A5A8kgQ=</latexit><latexit sha1_base64="vf4+VhovV2JtkHDIKXBTshbk9dY=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjSFBGoqEMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uwq83sPqI0MgzuaR+j6fBrIiRScUul2PGqMqjW7budgq8QpSA0KtEfVr+E4FLGPAQnFjRk4dkRuwjVJoXBRGcYGIy5mfIqDlAbcR+MmedQFO4sNp5BFqJlULBfx90bCfWPmvpdO+pzuzbKXif95g5gml24igygmDER2iKTC/JARWqYdIBtLjUQ8S45MBkxwzYlQS8aFSMU4LaWS9uEsf79Kuo26Y9edm2at1SyaKcMJnMI5OHABLbiGNnRAwBSe4BlerEfr1Xqz3n9GS1axcwx/YH18A5A8kgQ=</latexit><latexit sha1_base64="vf4+VhovV2JtkHDIKXBTshbk9dY=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjSFBGoqEMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uwq83sPqI0MgzuaR+j6fBrIiRScUul2PGqMqjW7budgq8QpSA0KtEfVr+E4FLGPAQnFjRk4dkRuwjVJoXBRGcYGIy5mfIqDlAbcR+MmedQFO4sNp5BFqJlULBfx90bCfWPmvpdO+pzuzbKXif95g5gml24igygmDER2iKTC/JARWqYdIBtLjUQ8S45MBkxwzYlQS8aFSMU4LaWS9uEsf79Kuo26Y9edm2at1SyaKcMJnMI5OHABLbiGNnRAwBSe4BlerEfr1Xqz3n9GS1axcwx/YH18A5A8kgQ=</latexit><latexit sha1_base64="vf4+VhovV2JtkHDIKXBTshbk9dY=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjSFBGoqEMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uwq83sPqI0MgzuaR+j6fBrIiRScUul2PGqMqjW7budgq8QpSA0KtEfVr+E4FLGPAQnFjRk4dkRuwjVJoXBRGcYGIy5mfIqDlAbcR+MmedQFO4sNp5BFqJlULBfx90bCfWPmvpdO+pzuzbKXif95g5gml24igygmDER2iKTC/JARWqYdIBtLjUQ8S45MBkxwzYlQS8aFSMU4LaWS9uEsf79Kuo26Y9edm2at1SyaKcMJnMI5OHABLbiGNnRAwBSe4BlerEfr1Xqz3n9GS1axcwx/YH18A5A8kgQ=</latexit>

Er
<latexit sha1_base64="cMK4lXysEQtpcNcZZLPe4xhjAp0=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhgET2HXB3oMiuAxgnlAsoTeSScOmX0w0yuEJUe/wquevIlXP8SD/+Ju3IMm1qmo6qary4uUNGTbn1ZhaXllda24XtrY3NouV3Z2WyaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjq8xvP6A2MgzuaBKh68MokEMpgFKpXyn3fKB7ASq5nvYTPe1XqnbNnoEvEicnVZaj0a989QahiH0MSCgwpuvYEbkJaJJC4bTUiw1GIMYwwm5KA/DRuMks+JQfxgYo5BFqLhWfifh7IwHfmInvpZNZTDPvZeJ/Xjem4YWbyCCKCQORHSKpcHbICC3TRpAPpEYiyJIjlwEXoIEIteQgRCrGaUWltA9n/vtF0jquOSe1s9vTav0yb6bI9tkBO2IOO2d1dsMarMkEi9kTe2Yv1qP1ar1Z7z+jBSvf2WN/YH18Ay8jmAk=</latexit>

a1
<latexit sha1_base64="OnFwoYWTe63YaliPxHxjWiItNLM=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGU89m6W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8ePlLTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZMDYCmyJUoen4YFFJjU2SpLATGYTAV9j2J1eZ335AY2Wo72gaYT+AsZYjKYBS6RYG3qBSdWtuDr5IvIJUWYHGoPLVG4YiDlCTUGBt13Mj6idgSAqFs3IvthiBmMAYuynVEKDtJ3nUGT+OLVDIIzRcKp6L+HsjgcDaaeCnkwHQvZ33MvE/rxvT6KKfSB3FhFpkh0gqzA9ZYWTaAfKhNEgEWXLkUnMBBojQSA5CpGKcllJO+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQQbsyf2zF6cR+fVeXPef0aXnGLngP2B8/ENjjCSDg==</latexit><latexit sha1_base64="OnFwoYWTe63YaliPxHxjWiItNLM=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGU89m6W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8ePlLTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZMDYCmyJUoen4YFFJjU2SpLATGYTAV9j2J1eZ335AY2Wo72gaYT+AsZYjKYBS6RYG3qBSdWtuDr5IvIJUWYHGoPLVG4YiDlCTUGBt13Mj6idgSAqFs3IvthiBmMAYuynVEKDtJ3nUGT+OLVDIIzRcKp6L+HsjgcDaaeCnkwHQvZ33MvE/rxvT6KKfSB3FhFpkh0gqzA9ZYWTaAfKhNEgEWXLkUnMBBojQSA5CpGKcllJO+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQQbsyf2zF6cR+fVeXPef0aXnGLngP2B8/ENjjCSDg==</latexit><latexit sha1_base64="OnFwoYWTe63YaliPxHxjWiItNLM=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGU89m6W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8ePlLTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZMDYCmyJUoen4YFFJjU2SpLATGYTAV9j2J1eZ335AY2Wo72gaYT+AsZYjKYBS6RYG3qBSdWtuDr5IvIJUWYHGoPLVG4YiDlCTUGBt13Mj6idgSAqFs3IvthiBmMAYuynVEKDtJ3nUGT+OLVDIIzRcKp6L+HsjgcDaaeCnkwHQvZ33MvE/rxvT6KKfSB3FhFpkh0gqzA9ZYWTaAfKhNEgEWXLkUnMBBojQSA5CpGKcllJO+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQQbsyf2zF6cR+fVeXPef0aXnGLngP2B8/ENjjCSDg==</latexit><latexit sha1_base64="OnFwoYWTe63YaliPxHxjWiItNLM=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGU89m6W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8ePlLTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZMDYCmyJUoen4YFFJjU2SpLATGYTAV9j2J1eZ335AY2Wo72gaYT+AsZYjKYBS6RYG3qBSdWtuDr5IvIJUWYHGoPLVG4YiDlCTUGBt13Mj6idgSAqFs3IvthiBmMAYuynVEKDtJ3nUGT+OLVDIIzRcKp6L+HsjgcDaaeCnkwHQvZ33MvE/rxvT6KKfSB3FhFpkh0gqzA9ZYWTaAfKhNEgEWXLkUnMBBojQSA5CpGKcllJO+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQQbsyf2zF6cR+fVeXPef0aXnGLngP2B8/ENjjCSDg==</latexit>

a2
<latexit sha1_base64="KCcFQJRuZtfWyGVRKhekAPgvZfA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsYNobVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpNOoO3bduTmrNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vj7+SDw==</latexit><latexit sha1_base64="KCcFQJRuZtfWyGVRKhekAPgvZfA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsYNobVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpNOoO3bduTmrNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vj7+SDw==</latexit><latexit sha1_base64="KCcFQJRuZtfWyGVRKhekAPgvZfA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsYNobVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpNOoO3bduTmrNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vj7+SDw==</latexit><latexit sha1_base64="KCcFQJRuZtfWyGVRKhekAPgvZfA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsYNobVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpNOoO3bduTmrNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vj7+SDw==</latexit>

S1
<latexit sha1_base64="wsBffZYNoA5vfD5FIxCgB4voGi0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIQ8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73O/O4DaiPD4I5mEbo+nwRyLAWnVGq1hs6wWrPrdg62TJyC1KBAc1j9GoxCEfsYkFDcmL5jR+QmXJMUCueVQWww4mLKJ9hPacB9NG6SR52zk9hwClmEmknFchF/byTcN2bme+mkz+neLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoBspHUSMSz5MhkwATXnAi1ZFyIVIzTUippH87i98ukc1Z37Lpze15rXBXNlOEIjuEUHLiABtxAE9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AXhCkgA=</latexit><latexit sha1_base64="wsBffZYNoA5vfD5FIxCgB4voGi0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIQ8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73O/O4DaiPD4I5mEbo+nwRyLAWnVGq1hs6wWrPrdg62TJyC1KBAc1j9GoxCEfsYkFDcmL5jR+QmXJMUCueVQWww4mLKJ9hPacB9NG6SR52zk9hwClmEmknFchF/byTcN2bme+mkz+neLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoBspHUSMSz5MhkwATXnAi1ZFyIVIzTUippH87i98ukc1Z37Lpze15rXBXNlOEIjuEUHLiABtxAE9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AXhCkgA=</latexit><latexit sha1_base64="wsBffZYNoA5vfD5FIxCgB4voGi0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIQ8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73O/O4DaiPD4I5mEbo+nwRyLAWnVGq1hs6wWrPrdg62TJyC1KBAc1j9GoxCEfsYkFDcmL5jR+QmXJMUCueVQWww4mLKJ9hPacB9NG6SR52zk9hwClmEmknFchF/byTcN2bme+mkz+neLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoBspHUSMSz5MhkwATXnAi1ZFyIVIzTUippH87i98ukc1Z37Lpze15rXBXNlOEIjuEUHLiABtxAE9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AXhCkgA=</latexit><latexit sha1_base64="wsBffZYNoA5vfD5FIxCgB4voGi0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIQ8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73O/O4DaiPD4I5mEbo+nwRyLAWnVGq1hs6wWrPrdg62TJyC1KBAc1j9GoxCEfsYkFDcmL5jR+QmXJMUCueVQWww4mLKJ9hPacB9NG6SR52zk9hwClmEmknFchF/byTcN2bme+mkz+neLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoBspHUSMSz5MhkwATXnAi1ZFyIVIzTUippH87i98ukc1Z37Lpze15rXBXNlOEIjuEUHLiABtxAE9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AXhCkgA=</latexit>

S2
<latexit sha1_base64="ne727eLjxLmhqIsu79RnGcv2rpw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BrwlgL7IhQhbrncYNKBtghSQp7kUbuewrvvOlV5t89oDYyDG5pFqHr80kgx1JwSqV2e9gYVmt23c7BlolTkBoUaA2rX4NRKGIfAxKKG9N37IjchGuSQuG8MogNRlxM+QT7KQ24j8ZN8qhzdhIbTiGLUDOpWC7i742E+8bMfC+d9Dndm0UvE//z+jGNL9xEBlFMGIjsEEmF+SEjtEw7QDaSGol4lhyZDJjgmhOhlowLkYpxWkol7cNZ/H6ZdBt1x647N2e15mXRTBmO4BhOwYFzaMI1tKADAibwBM/wYj1ar9ab9f4zWrKKnUP4A+vjG3nRkgE=</latexit><latexit sha1_base64="ne727eLjxLmhqIsu79RnGcv2rpw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BrwlgL7IhQhbrncYNKBtghSQp7kUbuewrvvOlV5t89oDYyDG5pFqHr80kgx1JwSqV2e9gYVmt23c7BlolTkBoUaA2rX4NRKGIfAxKKG9N37IjchGuSQuG8MogNRlxM+QT7KQ24j8ZN8qhzdhIbTiGLUDOpWC7i742E+8bMfC+d9Dndm0UvE//z+jGNL9xEBlFMGIjsEEmF+SEjtEw7QDaSGol4lhyZDJjgmhOhlowLkYpxWkol7cNZ/H6ZdBt1x647N2e15mXRTBmO4BhOwYFzaMI1tKADAibwBM/wYj1ar9ab9f4zWrKKnUP4A+vjG3nRkgE=</latexit><latexit sha1_base64="ne727eLjxLmhqIsu79RnGcv2rpw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BrwlgL7IhQhbrncYNKBtghSQp7kUbuewrvvOlV5t89oDYyDG5pFqHr80kgx1JwSqV2e9gYVmt23c7BlolTkBoUaA2rX4NRKGIfAxKKG9N37IjchGuSQuG8MogNRlxM+QT7KQ24j8ZN8qhzdhIbTiGLUDOpWC7i742E+8bMfC+d9Dndm0UvE//z+jGNL9xEBlFMGIjsEEmF+SEjtEw7QDaSGol4lhyZDJjgmhOhlowLkYpxWkol7cNZ/H6ZdBt1x647N2e15mXRTBmO4BhOwYFzaMI1tKADAibwBM/wYj1ar9ab9f4zWrKKnUP4A+vjG3nRkgE=</latexit><latexit sha1_base64="ne727eLjxLmhqIsu79RnGcv2rpw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BrwlgL7IhQhbrncYNKBtghSQp7kUbuewrvvOlV5t89oDYyDG5pFqHr80kgx1JwSqV2e9gYVmt23c7BlolTkBoUaA2rX4NRKGIfAxKKG9N37IjchGuSQuG8MogNRlxM+QT7KQ24j8ZN8qhzdhIbTiGLUDOpWC7i742E+8bMfC+d9Dndm0UvE//z+jGNL9xEBlFMGIjsEEmF+SEjtEw7QDaSGol4lhyZDJjgmhOhlowLkYpxWkol7cNZ/H6ZdBt1x647N2e15mXRTBmO4BhOwYFzaMI1tKADAibwBM/wYj1ar9ab9f4zWrKKnUP4A+vjG3nRkgE=</latexit>

d1
<latexit sha1_base64="stPQGk3D+r6GsWDHoNXON3lO1wI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpSRaCiDIA8psaLzZRNOOZ+tuzUoivIJtFDRIVq+h4J/wTYuIGGq0cyudnaCWElLrvvplFZW19Y3ypuVre2d3b3q/kHbRokR2BKRikw34BaV1NgiSQq7sUEeBgo7weQq8zsPaKyM9B1NY/RDPtZyJAWnVLodDrxBtebW3RxsmXgFqUGB5qD61R9GIglRk1Dc2p7nxuTPuCEpFM4r/cRizMWEj7GXUs1DtP4sjzpnJ4nlFLEYDZOK5SL+3pjx0NppGKSTIad7u+hl4n9eL6HRpT+TOk4ItcgOkVSYH7LCyLQDZENpkIhnyZFJzQQ3nAiNZFyIVEzSUippH97i98ukfVb33Lp3c15rnBfNlOEIjuEUPLiABlxDE1ogYAxP8AwvzqPz6rw57z+jJafYOYQ/cD6+AY6tkgM=</latexit><latexit sha1_base64="stPQGk3D+r6GsWDHoNXON3lO1wI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpSRaCiDIA8psaLzZRNOOZ+tuzUoivIJtFDRIVq+h4J/wTYuIGGq0cyudnaCWElLrvvplFZW19Y3ypuVre2d3b3q/kHbRokR2BKRikw34BaV1NgiSQq7sUEeBgo7weQq8zsPaKyM9B1NY/RDPtZyJAWnVLodDrxBtebW3RxsmXgFqUGB5qD61R9GIglRk1Dc2p7nxuTPuCEpFM4r/cRizMWEj7GXUs1DtP4sjzpnJ4nlFLEYDZOK5SL+3pjx0NppGKSTIad7u+hl4n9eL6HRpT+TOk4ItcgOkVSYH7LCyLQDZENpkIhnyZFJzQQ3nAiNZFyIVEzSUippH97i98ukfVb33Lp3c15rnBfNlOEIjuEUPLiABlxDE1ogYAxP8AwvzqPz6rw57z+jJafYOYQ/cD6+AY6tkgM=</latexit><latexit sha1_base64="stPQGk3D+r6GsWDHoNXON3lO1wI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpSRaCiDIA8psaLzZRNOOZ+tuzUoivIJtFDRIVq+h4J/wTYuIGGq0cyudnaCWElLrvvplFZW19Y3ypuVre2d3b3q/kHbRokR2BKRikw34BaV1NgiSQq7sUEeBgo7weQq8zsPaKyM9B1NY/RDPtZyJAWnVLodDrxBtebW3RxsmXgFqUGB5qD61R9GIglRk1Dc2p7nxuTPuCEpFM4r/cRizMWEj7GXUs1DtP4sjzpnJ4nlFLEYDZOK5SL+3pjx0NppGKSTIad7u+hl4n9eL6HRpT+TOk4ItcgOkVSYH7LCyLQDZENpkIhnyZFJzQQ3nAiNZFyIVEzSUippH97i98ukfVb33Lp3c15rnBfNlOEIjuEUPLiABlxDE1ogYAxP8AwvzqPz6rw57z+jJafYOYQ/cD6+AY6tkgM=</latexit><latexit sha1_base64="stPQGk3D+r6GsWDHoNXON3lO1wI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIREpSRaCiDIA8psaLzZRNOOZ+tuzUoivIJtFDRIVq+h4J/wTYuIGGq0cyudnaCWElLrvvplFZW19Y3ypuVre2d3b3q/kHbRokR2BKRikw34BaV1NgiSQq7sUEeBgo7weQq8zsPaKyM9B1NY/RDPtZyJAWnVLodDrxBtebW3RxsmXgFqUGB5qD61R9GIglRk1Dc2p7nxuTPuCEpFM4r/cRizMWEj7GXUs1DtP4sjzpnJ4nlFLEYDZOK5SL+3pjx0NppGKSTIad7u+hl4n9eL6HRpT+TOk4ItcgOkVSYH7LCyLQDZENpkIhnyZFJzQQ3nAiNZFyIVEzSUippH97i98ukfVb33Lp3c15rnBfNlOEIjuEUPLiABlxDE1ogYAxP8AwvzqPz6rw57z+jJafYOYQ/cD6+AY6tkgM=</latexit>

d2
<latexit sha1_base64="vf4+VhovV2JtkHDIKXBTshbk9dY=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjSFBGoqEMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uwq83sPqI0MgzuaR+j6fBrIiRScUul2PGqMqjW7budgq8QpSA0KtEfVr+E4FLGPAQnFjRk4dkRuwjVJoXBRGcYGIy5mfIqDlAbcR+MmedQFO4sNp5BFqJlULBfx90bCfWPmvpdO+pzuzbKXif95g5gml24igygmDER2iKTC/JARWqYdIBtLjUQ8S45MBkxwzYlQS8aFSMU4LaWS9uEsf79Kuo26Y9edm2at1SyaKcMJnMI5OHABLbiGNnRAwBSe4BlerEfr1Xqz3n9GS1axcwx/YH18A5A8kgQ=</latexit><latexit sha1_base64="vf4+VhovV2JtkHDIKXBTshbk9dY=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjSFBGoqEMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uwq83sPqI0MgzuaR+j6fBrIiRScUul2PGqMqjW7budgq8QpSA0KtEfVr+E4FLGPAQnFjRk4dkRuwjVJoXBRGcYGIy5mfIqDlAbcR+MmedQFO4sNp5BFqJlULBfx90bCfWPmvpdO+pzuzbKXif95g5gml24igygmDER2iKTC/JARWqYdIBtLjUQ8S45MBkxwzYlQS8aFSMU4LaWS9uEsf79Kuo26Y9edm2at1SyaKcMJnMI5OHABLbiGNnRAwBSe4BlerEfr1Xqz3n9GS1axcwx/YH18A5A8kgQ=</latexit><latexit sha1_base64="vf4+VhovV2JtkHDIKXBTshbk9dY=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjSFBGoqEMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uwq83sPqI0MgzuaR+j6fBrIiRScUul2PGqMqjW7budgq8QpSA0KtEfVr+E4FLGPAQnFjRk4dkRuwjVJoXBRGcYGIy5mfIqDlAbcR+MmedQFO4sNp5BFqJlULBfx90bCfWPmvpdO+pzuzbKXif95g5gml24igygmDER2iKTC/JARWqYdIBtLjUQ8S45MBkxwzYlQS8aFSMU4LaWS9uEsf79Kuo26Y9edm2at1SyaKcMJnMI5OHABLbiGNnRAwBSe4BlerEfr1Xqz3n9GS1axcwx/YH18A5A8kgQ=</latexit><latexit sha1_base64="vf4+VhovV2JtkHDIKXBTshbk9dY=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjSFBGoqEMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uwq83sPqI0MgzuaR+j6fBrIiRScUul2PGqMqjW7budgq8QpSA0KtEfVr+E4FLGPAQnFjRk4dkRuwjVJoXBRGcYGIy5mfIqDlAbcR+MmedQFO4sNp5BFqJlULBfx90bCfWPmvpdO+pzuzbKXif95g5gml24igygmDER2iKTC/JARWqYdIBtLjUQ8S45MBkxwzYlQS8aFSMU4LaWS9uEsf79Kuo26Y9edm2at1SyaKcMJnMI5OHABLbiGNnRAwBSe4BlerEfr1Xqz3n9GS1axcwx/YH18A5A8kgQ=</latexit>

Er
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(b)

Figure 5. Asymmetric initial configuration. (a) |S1|= |S2|]. (b) |S1|< |S2|.
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(b)

Figure 6. (a) Definition of S+1 . (b) Movement of S+1 (the arrows denotes the direction of movement).

316

4 CCP WITH GLOBAL SNAPSHOT317

Because of the impossibility results stated in the previous section, in the following we will consider the318

Global Snapshot model. Furthermore, we will also assume that the initial configuration is aperiodic (i.e.,319

it is either asymmetric or with a mirror symmetry), and that there are more than two agents in the system.320

4.1 The Asymmetric Case321

First, let us consider the case when the initial configuration is asymmetric. Let Er be the empty segment of322

maximum size in the configuration at round r. If, at round r = 0, there is more than one empty segment of323

maximum size, we can deterministically elect one of these (since the initial configuration is asymmetric).324

Let S1 and S2 be the maximal full segments of length at least 1 on the two sides of segment Er (see325

Figure 5(a)). In case |S1| 6= |S2|, without loss of generality let |S1|< |S2|; we define the augmented S1,326

denoted by S+1 , as the block of nodes constituted by the nodes in S1 (all non empty), plus the empty node327

v close to S1 and not in Er, plus, if any, all agents between v and the next empty node (moving away from328

S1, see Figures 5(b) and 6(a)).329

The algorithm for solving CCP tries to increase the length of the empty segment Er in each step, while330

preserving the asymmetric configuration. This is done by moving either S1 or S2 or both. The details are331

reported in Algorithm 1.332

Lemma 1. Starting from an asymmetric configuration, by executing Algorithm ONE COLOR CONNECTED333

FORMATION, at any round r ≥ 0:334

(i) |Er|> |Er−1|, and335

(ii) The configuration is either asymmetric or solves CCP.336

Proof. Let S1 and S2 be as defined in Algorithm 1. We proceed by induction on the number of rounds.337

By the precondition, the starting configuration is asymmetric. Let us now assume that the inductive338
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Algorithm 1 ONE COLOR CONNECTED FORMATION

Pre-condition: Initial configuration is asymmetric.

Let Er be the empty segment of maximum size in the current configuration. If there is more than one

empty segment of maximum size, we can deterministically select one of these as segment Er (since the

initial configuration is asymmetric).

Let S1 and S2 be the non-empty maximal segments adjacent to the chosen empty segment Er. Let a1 and

a2 be the agents closest to S1 and S2 respectively (going away from Er).

1. If the smallest distance between S1 and S2 is strictly greater than one:

(a) If |S1|= |S2|,

• If neither S1 nor S2 is blocked, they both move away from Er.

• Otherwise, let di be the distance between Si and ai,

– If d1 = d2, the segment that is not blocked moves away from Er.

– Otherwise, without loss of generality, let d1 < d2.

∗ If S1 is not blocked, then S1 moves away from Er.

∗ If S1 is blocked, then all agents not in S1 move towards S1 (preserving the

distance d2).

(b) If |S1| 6= |S2|, without loss of generality, let |S1|< |S2| (refer to Figure 5(b)). S+1 and S2 move

away from Er.

2. Else: let v the only empty node separating S1 and S2. If the largest among the segments S1 and S2

is not blocked, this segment moves towards empty node v. Otherwise the other segment moves

towards node v.
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Figure 7. Case 2 of Algorithm 1: the distance between S1 and S2 is 1.

hypothesis is true for round r−1. Let us consider the possible cases of the algorithm starting from the339

configuration at the beginning of round r:340

1. If the smallest distance between S1 and S2 is strictly greater than one, by construction, we have the341

following cases (refer to Figure 5):342

• If |S1|= |S2|, and neither S1 or S2 is blocked, they both move away from Er, and by induction343

both (i) and (ii) hold. What happens is that both distances d1 and d2 decrease by one. If344

one of the distances reaches value 0, then the respective full segment Si increases, and the345

asymmetry is kept. If both distances go to 0, both segment increase, and the asymmetry is kept346

by induction hypothesis.347

• If |S1|= |S2|, S1 is blocked (the case when S2 is blocked is symmetric), and d1 = d2, then S2348

moves away from Er, one of the distances became different from the other, thus introducing a349

new asymmetry. Moreover, apart from Er, no other empty segment increases its size. Therefore,350

both (i) and (ii) hold.351

• If |S1|= |S2|, S1 is blocked, and d1 < d2, then all agents not in S1 move towards S1 away from352

Er. Two cases may occur: if d1 does not reach 0, then the asymmetry is kept (since d2 does353

not change); otherwise, if d1 becomes 0, we have that |S1| 6= |S2|, i.e., the configuration stays354

asymmetric. Therefore, both (i) and (ii) hold.355

• If |S1|= |S2|, S1 is not blocked, and d1 < d2, then S1 moves away from Er. By using the same356

arguments of the previous case, it follows that both (i) and (ii) hold.357

• If |S1|< |S2| then, S+1 and S2 move away from Er. Thus, |Er|> |Er−1|. If before the movement358

d1 > 1 then after the movement the asymmetry is kept, since |S1| 6= |S2|. Otherwise, d1 = 1359

before and after the movement, hence the asymmetry is preserved. Thus, both (i) and (ii) hold.360

2. If the smallest distance between S1 and S2 is exactly one (see Figure 7), let v the only empty node361

separating S1 and S2. Since by inductive hypothesis the configuration is asymmetric, we have362

|S1| 6= |S2|. Also, let e1 and e2 be the edges between S1 and v, and between S2 and v, respectively.363

Since at most one between e1 and e2 can be missing, by the algorithm, one full segment is formed364

within one round, and the lemma follows.365

In all cases, the lemma follows.366

By previous lemma, since the size of Er strictly increases at each round, we can state the following:367

Theorem 5. If the initial configuration is asymmetric, the agents executing Algorithm ONE COLOR368

CONNECTED FORMATION, solve CCP within at most n rounds.369

4.2 The Case of Mirror Symmetry370

Let us now consider the case where in the initial configuration C there exists an unique axis of symmetry.371

Note that if there are two or more axes of symmetry, then the configuration is periodic.372
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Figure 8. Example configurations for CCP in the case of a single axis of symmetry.

Theorem 6. Let the initial configuration be aperiodic with an unique axis of symmetry, and not compact.373

Then, if the axis of symmetry passes through two empty nodes, then CCP is not solvable.374

Proof. Let us assume that the problem is solvable, and that, by contradiction, the axis of symmetry of375

the initial configuration passes through two empty nodes (see Figure 8). If no edge is missing during the376

algorithm, the agents in both sides of the axis perform symmetric actions and the configuration stays with377

the same axis of symmetry. Since the agents avoid collision, no agent can move to the nodes on the axis;378

therefore, CCP cannot be solved in this case.379

Algorithm 2 ONE COLOR MIRROR SYMMETRY

Pre-condition: Initial configuration is aperiodic with an unique axis of symmetry, with more than two

agents. The axis of symmetry does not pass through two empty nodes.

(a) If the axis of symmetry passes through at least one edge. Since the configuration is aperiodic,

we can elect a unique edge e that is crossed by the axis of symmetry. Once e has been elected,

the two agents nearest to e that do not belong to a full segment containing e, are selected to move

towards e. If none of these agents are blocked by a missing edge, the symmetry axis is preserved

after the moves of the agents. Otherwise, if an agent cannot move because of a missing edge, the

next configuration becomes asymmetric, and Algorithm 1 can be applied.

(b) If the axis of symmetry passes through at least one non empty node. In aperiodic configurations,

it is always possible to elect one of the agents (agent a) among those that occupy the nodes crossed

by the unique axis of symmetry.

1. If the neighbor nodes of a are empty, a moves to one of the neighbors (chosen arbitrarily when

both incident edges are available); After the move, the configuration becomes asymmetric

and Algorithm 1 can be applied.

2. If the two neighbor nodes of a are both occupied, and the axis of symmetry passes through

another node occupied by agent b, and the two neighbor nodes of b are both empty, then b

moves to one of the neighbors (chosen arbitrarily when both incident edges are available);

After the move, the configuration becomes asymmetric.

3. If no agent on the symmetry axis can move, since the configuration has a mirror symmetry,

there must be two (full) maximal segments of equal size to both the left and the right of

a. These two segments move away from a by one position. Now, either the configuration

becomes asymmetric (if one of the two segments cannot move because of a missing edge), or

previous Case b.1 applies.

In Algorithm 2, we present a solution for CCP with more than 2 agents, when the initial configuration380

is aperiodic and the axis of symmetry either (a) passes through at least one edge and it does not pass381

through a non empty node, or (b) passes through at least one non empty node. By Algorithm 2, and by382

Theorem 5, we can state the following:383
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Theorem 7. If the initial configuration has an unique axis of symmetry, more than two agents, and the384

axis of symmetry either (a) passes through at least one edge and it does not pass through a non empty385

node, or (b) passes through at least one non empty node, then CCP is solvable.386

Proof. We distinguish the two possible cases:387

(a) The axis of symmetry passes through at least one edge. Let a and b be the two agents that do not388

belong to the full segment S containing e. Note that a and b have to exist, otherwise the problem is389

solved. Also, if only one of them exists, then the configuration cannot be symmetric with the axis of390

symmetry passing through e, contradicting the assumption. These two agents move towards e using391

two distinct edges, let them be ea and eb. Now, two scenarios may occur. (i) Edges ea and eb are392

both alive: in this case the distance between a and b and S decreases; when this distance becomes393

0, segment S increases. It is clear, that if this scenario always applies all agents eventually join S.394

(ii) Either ea or eb is missing: in this case only one among a and b moves leading to an asymmetric395

configuration. In this case, Algorithm 1 can be applied and, by Theorem 5, the theorem follows.396

(b) The axis of symmetry passes through at least one occupied node. Let us analyse the three possible397

cases of Algorithm 2.(b).398

1. In this case a moves leading to an asymmetric configuration (note that the adversary cannot399

prevent a to move since it can block at most one edge). In this configuration, Algorithm 1 can400

be applied, and by Theorem 5 the theorem follows.401

2. The proof in this case is similar to the proof of the previous one.402

3. Let a be the agent and S− and S+ be the two full maximal segments to the left and to the403

right of a. Both of them try to move away from a, and at most one of them can be blocked404

by an adversary. If none of them is blocked, then we reach a configuration in which both405

neighbour locations of a are empty, and thus the previous case applies. If only one can move,406

an asymmetric configuration is reached. In this configuration, Algorithm 1 can be applied and,407

by Theorem 5, the theorem follows.408

409

5 COLOREDCCP WITH GLOBAL SNAPSHOT AND c > 2.410

In this section, we investigate the compaction problem for heterogenous agents having c > 2 distinct411

colors; recall that h is the number of agents of each color. The problem is trivial when h = 1.412

5.1 Asymmetric Initial Configuration and h ≥ 3413

The algorithm for this case builds segments around some specific points of the ring, called rally points.414

These points are identified during the execution of the algorithm, and to each color is assigned a specific415

rally point.416

Definition 3. We say that agents are forming a compact line if they are forming a full segment of size h417

around the rally point of their color. We say that agents are forming an almost compact line if they are418

forming a full segment of size h−1 around the rally point of their color; the only agent that is not part of419

the almost compact line is called a dangling agent.420

Moreover, let FC denote the set of agents colored with f irst color. We say that the current configuration421

is correctly placed if and only if both the following conditions hold on all the colors different from422

f irst color:423

(i) There are at least c−2 compact lines that do not overlap;424

(ii) There is at most one almost compact line.425

The MULTI COLOR CONNECTED SEGMENT algorithm is split into three main steps, described in426

Algorithms 3, 4, and 6, respectively. Let us first describe the intuition behind each step.427
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Algorithm 3 MULTI COLOR CONNECTED SEGMENT (First Step)

Pre-condition: Current configuration is not correctly placed and FC is symmetric.

Let a be the first agent in FC that is able to move, according to the total ordering: a moves one step to

make FC asymmetric.

• First Step (Algorithm 3). The main idea of the first step is to make an agent with color f irst color428

move in such a way that all agents with color f irst color become asymmetrically placed (this step429

is skipped if FC is already asymmetric). Once FC is asymmetric, the agents in FC do not move430

until the last phase of the algorithm: these agents are used as reference points to univocally identify431

both the rally points and a unique orientation of the ring.432

• Second Step (Algorithm 4). In the second step, the algorithm proceeds by making each color433

but f irst color to form a full segment around the respective rally point; that is, after this step the434

configuration becomes correctly placed.435

• Third Step (Algorithm 6). Once the configuration is correctly placed, the only agents still to fix in436

order to solve the problem, are the agents in FC (that are still asymmetrically placed), and the (at437

most one) dangling agent (this agent has a color different from f irst color). Note that, if there is438

no dangling agent, then there are c−1 compact lines, and no almost compact line.439

The idea here is to use the compact lines formed so far to establish a global chirality of the ring,440

and a rally point for FC. In particular, the already formed compact lines do not move, hence441

the computed chirality can be kept; the other agents (i.e., those in FC and the dangling agent)442

move following the same strategy used in the second step. The movements go on until either443

ColoredCCP is solved, or there are c−1 compact lines and one almost compact line. In the latter444

case, the only dangling agent and the almost compact line (by construction, all these agents have445

the same color) move one towards each other until they form a compact line.446

Since the initial configuration is asymmetric, we have the following:447

Lemma 2. If in the initial configuration FC is not asymmetric, by executing Algorithm 3, within finite448

time agents in FC are placed asymmetrically on the ring.449

Proof. The lemma follows by observing that there are at least two edges connecting agents in FC to450

nodes not occupied by any agent in FC, hence agent a can always be uniquely identified.451

Once the agents in FC occupy asymmetric positions on the ring, it is possible to elect one of them as452

a leader, which provides a global orientation to the ring. Once a global orientation has been computed,453

the positions of agents in FC allow also to compute the rally points where all other agents will form their454

respective compact lines, as detailed in Algorithms 4. Let us denote these points by rpi, 0 ≤ i ≤ c−1. A455

color i is assigned to each rally point rpi, 0 ≤ i ≤ c−1, with color 0 = f irst color assigned to FC.456

Definition 4. Given a rally point rpi, let us call the rally line of color i a maximally full segment of color457

i that is formed around rpi. Extending Definition 3, we will call dangling any agent that is not part of a458

rally line.459

Routine RALLY POINTS CONNECTED FORMATION (Algorithm 5) makes all agents of color i gather460

around rpi.461

Lemma 3. Within finite time, by executing Routine RALLY POINTS CONNECTED FORMATION (Algo-462

rithm 5), the system reaches a configuration with c−1 almost compact or compact rally lines .463

Proof. If c−1 rally lines are almost compact, the lemma trivially follows. Thus, let us assume that there464

exists at least one rally line, say rli, that has at least two dangling agents. By construction, only Pattern465

1 of RALLY POINTS CONNECTED FORMATION can be executed. Let us consider only agents having466

color i. Let a be the closest agent in the counter-clockwise direction to rpi that has not reached rli yet.467

We will show that, within finite time, the size of rli increases. Note that, as long as there is no missing468

edge between a and rpi, a will always move towards its own rally line, even if other agents are blocked.469
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Algorithm 4 MULTI COLOR CONNECTED SEGMENT (Second Step)

Precondition: Current configuration is not correctly placed, and FC is asymmetric.

During this step, FC never moves until current configuration is correctly placed. Since FC is asymmetric,

it can be used to establish an orientation of the ring and a total order among the agents in FC. That is, each

agent in FC can unambiguously assume an unique rank in [0,FC−1], and this rank can be computed by

all agents in the system. Let v f be the node where the first agent in FC is located (i.e., the node where the

agent with rank 0 is located).

1. Rally Points Computation. FC is now used to compute c rally points, as follows: v f is the first

rally point, rp0. The i− th rally point rpi is the node of the ring at distance i∗ (2 ·h+1) from rp0

(in the clockwise direction; we assume the ring size is at least 2 ·h · c+ c).

2. Formation using Rally Points. The rally points are now used by all agents not in FC to form rally

lines (Definition 4), by executing routine RALLY POINTS CONNECTED FORMATION (Algorithm

5).

Algorithm 5 RALLY POINTS CONNECTED FORMATION (Auxiliary routine)

There are c rally points, sorted according to the ring orientation. One of the following two patterns of

movements will be executed, according to the verified preconditions.

Pattern 1. There exists a rally line rli of color different from f irst color that is being formed around

rally point rpi that has at least two dangling agents. Let a be any of these dangling agents, and p be

the counter-clockwise path that connects a with its own rally line.

Movement (see Figure 9):

• If a is not the farthest agent from its rally line (according to the counter-clockwise oreintation),

and on p there is a missing edge, then a does not move.

• If on p there is a missing edge, and a is the farthest agent from its rally line (according to the

counter-clockwise direction), then a moves clockwise.

• If on p there is no missing edge, then a moves counterclockwise.

Pattern 2. For all rally lines of color different from f irst color, there is at most one dangling agent; let

m be the number of rally lines with exactly h−1 agents (i.e., only one dangling agent). Given a

dangling agent a, let p be the counter-clockwise path that connects a with its own rally line.

Movement (see Figure 10):

• If there are m−1 dangling agents that are blocked in the counter-clockwise orientation by a

missing edge, a has the shortest clockwise distance to its own rally line among all clockwise

distances of all other dangling agents from their own rally lines, and p has a missing edge,

then a moves clockwise.

• If the first edge on p is not missing, then a moves counter-clockwise.
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Figure 9. Pattern 1 of Algorithm 5. The bold node represents the rally point for agents having red color.

(a) The dangling agents are not blocked. They move counter-clockwise towards their rally line. (b) The

dangling agents are blocked. The last agent changes direction and moves clockwise towards its rally line.
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Figure 10. Pattern 2 of Algorithm 5. (a) The black agent switches direction. (b) The vertical striped

agent switches direction.
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Therefore, if no edge on the path between a and rpi is ever missing, within finite time the size of rli470

increases by one unit and the statement trivially follows. Otherwise, let a′ be the furthest agent from471

rli: according to Pattern 1, a′ switches direction and starts moving clockwise towards rli. As long as a472

is blocked by a missing edge on its path towards rpi, a′ keeps approaching rli. If a′ becomes blocked473

before reaching rli, then a can perform at least one step (counter-clockwise) towards rli, thus decreasing474

its distance from rli. Thus, by iterating the above argument, within finite time either a or a′ will join rli.475

In conclusion, within finite time, rli becomes almost compact, and the lemma follows.476

Lemma 4. Let us assume that in the current configuration there exist m > 2 almost compact rally lines,477

and c− 1−m compact lines. Within finite time, by executing Routine RALLY POINTS CONNECTED478

FORMATION in Algorithm 5, m decreases.479

Proof. By construction, only Pattern 2 of RALLY POINTS CONNECTED FORMATION can be executed.480

Note that the agents that are already part of a rally line do not move any more. According to Pattern 2,481

each dangling agent moves towards its rally line, according to the counter-clockwise direction. First, let482

us assume that either m−1 or m dangling agents are blocked by a missing edge (towards their way to483

their rally lines), and let a be the dangling agent that is closest to its rally line, according to the clockwise484

direction, and p be the counter-clockwise path that connects a with its own rally line. We distinguish the485

three possible cases:486

• If m−1 agents are blocked by a missing edge (on their counter-clockwise direction), and a is not one487

of them, and the missing edge is on p, then a moves clockwise towards its rally line. If a reaches its488

rally line, the lemma follows. Otherwise, when a becomes blocked (during its clockwise movements),489

the other m−1 agents cannot be blocked anymore according to the counter-clockwise orientation,490

hence they can get closer (counter-clockwise) of at least one unit to their respective rally lines. Note491

that as long as one of the m− 1 agents does not reach its line, a will be the agent that is closer,492

clockwise, to its own rally line. By iterating this argument, within finite time m decreases, and the493

lemma follows.494

• If m agents are blocked, then a is one of them: in this case, a moves of one step clockwise. Therefore,495

either a joins its line, and the lemma follows, or previous case applies.496

• If m−1 agents are blocked by a missing edge (on their counter-clockwise direction), and a is one of497

them, by construction there exists an agent, say b, that is not blocked, and that is moving counter-498

clockwise towards the m−1 blocked agents. Within finite time, either b reaches its own rally line, or499

b reaches the the blocked edge, or the m−1 agents become unblocked. In the first case, the lemma500

follows. In the second case, previous case applies. Otherwise, the m−1 agents get closer to their501

rally lines. Thus, by iterating the argument, the lemma follows.502

Now, let us assume that at most m−2 dangling agents are blocked. One of the following holds: (1) one503

agent reaches its own rally line, thus m decreases and the lemma follows; (2) another agent will join the504

blocked ones, hence there will be either m−1 or m blocked agents, and previous case applies.505

Thus, by previous Lemmas 3 and 4, the following holds:506

Lemma 5. Within finite time, by executing Algorithm 4, the configuration becomes correctly placed.507

Finally, by executing Algorithm 6, agents are able to solve the problem. In particular, at the beginning508

of this step, there are at least c−2 compact lines, at most one line with just one dangling agent, and the509

agents in FC that still needs to be compacted.510

Lemma 6. If the current configuration is correctly placed, then, within finite time, by executing Algo-511

rithm 6 (Third Step), ColoredCCP is solved.512

Proof. Let us call da the dangling agent of the almost compact line. By definition of Algorithm 6, as513

long as there is more than one dangling agent (i.e., da and the agents in FC), neither the agents in the514

compact lines nor those in the almost compact line move. Once the rally point of FC has been computed,515

the agents in FC and da move according to RALLY POINTS CONNECTED FORMATION, while all others516

stay still.517

17/23PeerJ Comput. Sci. reviewing PDF | (CS-2020:11:55115:1:2:NEW 25 Feb 2021)

Manuscript to be reviewedComputer Science



Algorithm 6 MULTI COLOR CONNECTED SEGMENT (Third Step)

Precondition: Current configuration is correctly placed. Let da be the dangling agent of the almost

compact line, if any.

• Since agents in FC have to move, it is possible that the orientation of the ring that FC is establishing

gets lost. Therefore, before moving any agent in FC, the other c−1 classes (one class per color)

are used to establish a new orientation of the ring: in particular, let L2 and L3 be the set of agents

colored with the second and the third color in the total ordering. The agents in L2 and L3 are either

both already compacted, or (at most) one of them forms an almost compact line. Without loss of

generality, let us assume that L2 forms a compact line. The new orientation of the ring follows

the smallest distance from the rally line of L2 to the one of L3 (note that, by the definition of rally

points, this distance is unique).

The rally point for FC, call it rp∗, is the middle point of the largest segment containing nodes that

are either empty or colored f irst color.

• The agents in FC and da move according to RALLY POINTS CONNECTED FORMATION (Algo-

rithm 5), as follows: (i) agents in FC use rp∗ as rally point; (ii) da uses as rally point the middle

point of the almost compact line having its own color.

• Finally, if after previous point there is only one almost compact line, the two parts of the line (i.e.,

the dangling agent and all other agents of the line) move towards each other.

By previous Lemmas 3 and 4, within finite time the agents either reach a configuration where518

ColoredCCP is solved, and the lemma follows, or where there is only one almost compact line and c−1519

compact lines. In the latter case, the only dangling agent and all agents belonging to the almost compact520

line (note that all of them have the same color) start moving towards each other (according to the smallest521

distance). Since at most one edge can be missing, within finite time these two parts will meet. Moreover,522

since rally points computed in Algorithm 4 are distant (2h+1) from each other, at most two compact523

lines can overlap. Hence, the lemma follows.524

Combining all previous results from this section, we can conclude that:525

Theorem 8. Starting from an asymmetric initial configuration, with c ≥ 3 and h ≥ 3, MULTI COLOR526

CONNECTED SEGMENT algorithm correctly solves the ColoredCCP problem.527

5.2 Asymmetric Initial Configuration and h = 2528

Now, let us focus on the case where there are c > 2 colors, but there are only two agents for each color529

(h = 2). In this case, the agents execute the MODIFIED MULTI COLOR CONNECTED SEGMENT algorithm,530

that follows the lines of MULTI COLOR CONNECTED SEGMENT algorithm, with a minor modification:531

the agents of the two first colors, say L1 and L2, act as a single group that has the same color. In other532

words, FC is the union of the agents having the first and the second color in the total ordering of the533

colors. This change ensures that there are at least 3 agents in FC, hence the three steps defined by the534

MULTI COLOR CONNECTED SEGMENT algorithm can still be executed.535

Therefore, after the execution of the three steps, agents not in FC form compact lines, while the agents536

in FC form a segment where agents of two different colors might be interleaved. If the colors of the537

agents in FC are not interleaved, then ColoredCCP is solved.538

Thus, let us assume that the colors of the agents in FC are interleaved: Configuration A in Figure 11539

is, up to symmetries, the only possible configuration. At this point, it is necessary to run a separation540

procedure that separates the agents of distinct colors, thus forming the remaining two compact lines.541

As shown in Figure 11, from Configuration A, it is possible to reach either Configuration B or542

Configuration C, by swapping the agents on either edge e1 or edge e3 (at least one of these edges must543

be available): in both configuration, c−1 compact lines are formed. At this point, the last two agents544

(having the same color) have to be compacted: they move towards each other. Note that, since there are at545

least 2 compact lines of other colors, the configuration remains asymmetric during the movement of these546
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two agents. Thus, since at most one edge at the time can be missing, these two agents will eventually547

become neighbors, thus solving ColoredCCP. Thus, we just showed the following:548

b2b1

a1 a2
e1 e2 e3A

B C

Figure 11. Separating an interleaved line with h = 2 and two colors.

Theorem 9. Starting from an asymmetric initial configuration, with c ≥ 3 and h = 2, the modified version549

of MODIFIED MULTI COLOR CONNECTED SEGMENT algorithm solves the ColoredCCP problem.550

5.3 Initial Configuration with a Mirror Symmetry and c > 2551

We now consider the last remaining case for ColoredCCP with c > 2 colors: the initial configuration has552

a mirror symmetry.553

Theorem 10. Starting from an initial configuration that has a mirror symmetry (hence, is not periodic),554

and not compact, the ColoredCCP problem for c > 2 is not solvable if either555

1. the axis of symmetry passes through two empty nodes, or,556

2. the axis of symmetry passes through one edge and one empty node, or,557

3. the axis of symmetry passes through two edges and c > 3.558

Proof. We prove each of the statements independently.559

1. The proof follows directly from Theorem 6.560

2. By hypothesis, the symmetry axis intersects the ring on a node v and an edge e. Therefore, the agents561

can form the compact lines either around v or around e. If the lines are formed around v, since the562

ring is not oriented, two agents with the same color would move to v, thus violating the no collision563

requirement of the problem. If the lines are formed around e, then there would be three intersecting564

compact lines of three different colors around e, thus violating the ColoredCCP specification.565

3. Since the configuration has a mirror symmetry, the compact lines have to be centred around the566

symmetry axis. By construction, it is only possible to form two disjoint compact lines. Since there567

are more than 3 colors, by the pigeonhole principle, either three compact lines will intersect or there568

is a pair of intersecting compact lines, thus violating the specification of ColoredCCP.569

570

Note that previous theorem holds for any ring, even non dynamic ones.571

Algorithm 7 solves the two remaining cases: (a) the axis of symmetry passes through at least one572

occupied node; (b) there is an axis of symmetry passing through two edges, and c = 3. We can thus573

conclude that:574

Theorem 11. If the initial configuration is aperiodic, it has a symmetry axis and either (a) the axis of575

symmetry passes through at least one occupied node, or (b) there is an axis of symmetry passing through576

two edges, and c = 3, then Algorithm 7 solves ColoredCCP.577

Proof. Let us consider the two possible cases.578

(a) The axis of symmetry passes through at least one occupied node. First, note that by running Algorithm579

7, within finite time the configuration becomes asymmetric. At this time, if h > 2 then algorithm580

MULTI COLOR CONNECTED SEGMENT (Section 5.1) can be applied, and the proof follows by581

Theorem 8. If h = 2, the proof follows by Theorem 9.582

19/23PeerJ Comput. Sci. reviewing PDF | (CS-2020:11:55115:1:2:NEW 25 Feb 2021)

Manuscript to be reviewedComputer Science



(b) There is an axis of symmetry passing through two edges, and c = 3. According to Algorithm 7,583

agents of different colours are compacted sequentially according to the total ordering of the colors.584

Let us consider the first color c such that the agents with colors c do not form a full segment. We585

will first show that, given the edge e elected for compacting the agents around it, with e as defined586

by Case (b) of Algorithm 7, the agents will indeed form within finite time a compact line centered587

around e.588

Let a and b be two symmetric agents with color c that do not belong yet to the full segment of color c589

that contains e. If there is no such pair of agent, then segments for all colors are full, and the theorem590

follows. These two agents move towards e using two different edges, let them be ea and eb. Two591

possible scenarios may occur. (i) Either ea or eb is missing: in this case only one among a and b592

moves, leading to an asymmetric configuration. Now, Algorithm 1 can be applied and, by Theorem 5,593

the theorem follows. (ii) Edges ea and eb are both alive: in this case, after both a and b move, their594

distance to S decreases. Now, by iterating the argument, either the theorem follows by previous Case595

(i), or within finite time a and b will eventually join S. In the latter case, the number of symmetric596

pairs with color c not in the full segment being formed around e decreases. Hence, by induction on597

all pairs of symmetric agents with color c, and on the number of colors, we can conlcude that within598

finite time the theorem follows.599

600

Algorithm 7 MULTI COLOR MIRROR SYMMETRY

Pre-condition: Initial configuration is aperiodic and with an unique axis of symmetry.

(a) The axis of symmetry passes through at least one occupied node.

We follow the statements of Case (b) in Algorithm 2. In particular, since the configuration is not

periodic, it is always possible to elect one among the agents that are on the axis of symmetry, let

this agent be a. We distinguish the three possible cases:

1. If the neighbor nodes of a are empty, a moves of one position, and the configuration becomes

asymmetric. Now, MULTI COLOR CONNECTED SEGMENT of Section 5.1 can be run.

2. If the neighbor nodes of a are occupied, and the axis of symmetry passes through another node

b, and the neighbor nodes of b are empty, then b moves of one position, and the configuration

becomes asymmetric. Now, MULTI COLOR CONNECTED SEGMENT of Section 5.1 can be

run.

3. Finally, no node on the symmetry axis can move. In this case, since the configuration has a

symmetry axis, there must be two block of nodes of equal size to the left and to the right of a.

These two block of nodes move away from a of one position. Now, either the configuration

becomes asymmetric (one of the two block does not move because of a missing edge), or

previous Case a.1 applies.

(b) The axis of symmetry passes through two edges, and c = 3.

Let e be one of the edges intersected by the symmetry axis, elected as in Case (a) of Algorithm

2. The agents proceed as follows: at each round, only agents with maximum color are allowed to

move. In particular, the two agents nearest to e that do not belong to a full segment containing e,

move towards e. If no agent is blocked by an edge removal, the symmetry axis is preserved and

eventually all agents with maximum color form a full segment around e. Otherwise, if an agent is

blocked, the next configuration becomes asymmetric; thus we can apply the Algorithm 1.

Once we have a compact segment of the first color, following the same strategy, the second color in

the order will form a full segment around the antipodal edge e′ of e. Finally, the agents of the third

color form a full segment around edge e.
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6 COLOREDCCP WITH GLOBAL SNAPSHOT AND c = 2601

In the previous section we presented the case for c > 2 colors; here, we analyse the case with c = 2 colors.602

Let us first notice that the impossibility of Theorem 2 still holds in this case; we thus need to investigate603

the asymmetric case and the case with a mirror symmetry.604

6.1 Asymmetric Initial Configuration605

Let us first consider the case of an asymmetric initial configuration.606

Theorem 12. If c = 2 and the initial configuration is asymmetric, ColoredCCP is solvable.607

Proof. We distinguish two cases:608

(a) If h = 2 (i.e., four agents in total, two for each color), by Theorem 5, within finite time Algorithm 1609

lets the agents form a compact line (where agents of different colors might be interleaved). At this610

time, the agents can be separated within finite time by using the technique described in Section 5.2.611

(b) If h > 2, let c1 and c2 be the two colors. First note that, since the initial configuration is asymmetric,612

it is possible to establish a total order among all agents with color c1 (resp., c2). We again distinguish613

two possible cases. (i) If the agents of color c1 (resp., c2) are placed asymmetrically, they execute614

Algorithm 1; by Theorem 5, within finite time agents with color c1 (resp., c2) will form a compact615

line. (ii) Otherwise, the first agent with color c1 (resp., c2) that can move, makes a move that makes616

the set of all agents with color c1 (resp., c2) to become asymmetric, and previous Case (i) applies.617

Hence, within finite time, the theorem follows.618

6.2 Initial Configuration with a Mirror Symmetry619

Let us now consider the case of a symmetric initial configuration. By Theorem 6, it follows that if the620

initial configuration has a mirror symmetry, is aperiodic, and not compact and the axis of symmetry passes621

through two empty nodes, then ColoredCCP is not solvable. In the following, we will show that in all622

other cases the problem is solvable.623

Theorem 13. If the initial configuration is aperiodic and has an unique axis of symmetry and either624

(a) the axis of symmetry passes through at least one occupied node, or (b) there is an axis of symmetry625

passing through one edge, and c = 2, then ColoredCCP is solvable.626

Proof. We distinguish two cases.627

(a) The axis of symmetry passes through at least one occupied node. In this case, by running Algorithm628

7, within finite time an asymmetric configuration is reached. At this time, theorem follows by629

Theorem 12.630

(b) The axis of symmetry passes through one edge. In this case, by running Algorithm 7, within631

finite time, two compact lines are formed, and the theorem follows; or the configuration becomes632

asymmetric, and the theorem follows by Theorem 12.633

634

7 CONCLUSIONS635

The study of autonomous agents in distributed networks, and the study of dynamic networks are interesting636

problems by themselves. Even more interesting is the study of their combination. The results presented637

in this paper are tight on this track, and despite the simple definition of the problem, its solution hides638

several difficulties that are strictly related to the changing nature of the underlying network and to the fact639

that our solutions do not rely on the use of memory of the past (oblivious agents), giving them the nice640

property of self-stabilization.641

In particular, we introduced and studied the Compact Configuration Problem and the Colored642

Compact Configuration Problem for a set of autonomous mobile agents on a dynamic ring networks.643

We showed that both problems can be solved only if the initial configuration is aperiodic.644

Note that if the agents agree on a common sense of orientation then any aperiodic configuration645

is asymmetric and thus, in this case the compaction problems can be solved if and only if the initial646
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configuration is not periodic. When the agents do not have a common sense of orientation as in this paper,647

then we need to also consider those configuration that are mirror symmetric. In such cases, the problems648

can be solved only under certain conditions.649

The results of this paper provides the exact characterization of the solvable initial configurations for650

the CCP and ColoredCCP problems. We also showed that having persistent memory is not necessary for651

solving the problem (except in the special case of two agents). It would be interesting to determine what652

additional capabilities of the agents would allow them to the solve the ColoredCCP problem without any653

overlaps. Future investigations on this problem could also consider other graph topologies under either the654

same or a more relaxed model for dynamicity. Another interesting issue is to consider less synchronous655

models where all agents may not start at the same time and they may not be active at the same time.656

There are still few interesting problems that need to be considered in the future:657

• When c ≥ 2, we admit the presence of an overlap between at most two lines. When this cannot be658

avoided?659

• When c ≥ 2, we need that the ring is 2hc+ c, i.e., to be large enough to not overlap lines when660

using rally points. What is the lower bound on this quantity? Can we solve the probem in a ring661

having size hc+ c?662

• Under which conditions is it still possible to solve the problem when more than one edge might be663

missing at each round?664

• What is the impact of having a semi-synchronous or asynchronous scheduler?665
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