
An efficient gradient-based algorithm with
descent direction for unconstrained
optimization with applications to image
restoration and robotic motion control
Sulaiman Mohammed Ibrahim1,2, Aliyu M. Awwal3,
Maulana Malik4, Ruzelan Khalid1, Aida Mauziah Benjamin1,
Mohd Kamal Mohd Nawawi1 and Elissa Nadia Madi5

1 School of Quantitative Sciences, Universiti Utara Malaysia, Sintok, Kedah, Malaysia
2 Faculty of Arts and Education, Sohar University, Sohar, Oman
3 Department of Mathematics, Gombe State University, Gombe, Nigeria
4 Department of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas
Indonesia, Depok, Indonesia

5 Faculty of Informatics and Computing, Universiti Sultan Zainal Abidin, Besut, Terengganu,
Nigeria

ABSTRACT
This study presents a novel gradient-based algorithm designed to enhance the
performance of optimization models, particularly in computer science applications
such as image restoration and robotic motion control. The proposed algorithm
introduces a modified conjugate gradient (CG) method, ensuring the CG coefficient,
β κ, remains integral to the search direction, thereby maintaining the descent
property under appropriate line search conditions. Leveraging the strong Wolfe
conditions and assuming Lipschitz continuity, we establish the global convergence of
the algorithm. Computational experiments demonstrate the algorithm’s superior
performance across a range of test problems, including its ability to restore corrupted
images with high precision and effectively manage motion control in a 3DOF robotic
arm model. These results underscore the algorithm’s potential in addressing key
challenges in image processing and robotics.

Subjects Algorithms and Analysis of Algorithms, Optimization Theory and Computation,
Robotics, Theory and Formal Methods
Keywords Gradient based method, Image restoration, Robotic motion control, Unconstrained
optimization, Convergence analysis

INTRODUCTION
Unconstrained optimization plays a critical role in various computer science and
engineering applications, including image processing (Yuan, Lu & Wang, 2020; Awwal
et al., 2023), signal recovery (Wu et al., 2023), machine learning (Kamilu et al., 2023; Kim
et al., 2023), and robotic control systems (Awwal et al., 2021; Yahaya et al., 2022). These
applications often involve the optimization of complex objective functions, where robust
and efficient numerical formulations are essential for achieving high performance. Among
the many optimization methods, the conjugate gradient (CG) algorithm has garnered
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significant attention due to its balance between computational efficiency and convergence
properties for large-scale minimization problem of the form:

min f ðxÞ; x 2 Rn; (1)

where f : Rn ! R is a smooth function, and its gradient gðxÞ ¼ rf ðxÞ is available (Hager
& Zhang, 2006; Ivanov et al., 2023; Sabi’u et al., 2024; Awwal & Botmart, 2023; Salihu et al.,
2023b; Sulaiman et al., 2024). One of the major problems that researchers need to tackle
when minimizing Eq. (1) is identifying the best iterative procedure that will produce
optimal values of x (Powell, 1977). In fact, a typical approach is to maintain a list of active
points, which may at first be an initial guess, and to amend this list as the computation
progresses. The major components of the computations include minimization of Eq. (1)
and updating the iterative points as the calculations proceed.

The CG method is an iterative algorithm that begins with an initial guess x0 2 Rn and
proceeds to generate a succession of iterates using:

xkþ1 :¼ xk þ akdk: k � 0; (2)

with ak > 0 defining the step size, which is computed along a direction of search dk 2 Rn

(Ibrahim &Mamat, 2020). The step size ak is often computed using either exact or inexact
line search techniques (Salihu et al., 2024). However, most of the recent studies consider
the inexact procedure because it is less competitive and produces approximate values of the
step size (Hager & Zhang, 2006). The line search condition considered in this study is the
weak Wolfe Powell (WWP), which computes ak such that:

f ðxk þ akdkÞ � f ðxkÞ þ dakg
T
k dk; (3)

jgðxk þ akdkÞTdkj � �rgTk dk; (4)

with gk ¼ gðxkÞ and 0 < d < r < 1 (see Sun & Yuan, 2006; Wolfe, 1969, 1971).
One of the significant components of the CG iterative Formula (2) is dk, which is

computed as:

d0 ¼ �g0; dk ¼ �gk þ bkdk�1; k � 1; (5)

where the scalar bk is known as the CG parameter, which characterizes the different CG
formulas (Malik et al., 2023; Salihu et al., 2023a). Some classical nonlinear CG algorithms
are presented by Hestenes & Stiefel (1951) (HS), Polak & Ribiere (1969), Polyak (1967)
(PRP), and Liu & Storey (1991) (LS) with the following bk updating formula:

bHSk ¼ gTk ðgk � gk�1Þ
dTk�1ðgk � gk�1Þ ; b

PRP
k ¼ gTk ðgk � gk�1Þ

k gk�1 k2 ;bLSk ¼ � gTk ðgk � gk�1Þ
dTk�1gk�1

; (6)

with ‘2 norm given as k � k. These classical CG formulas are computationally efficient but
can sometimes fail to achieve global convergence for general functions (Hager & Zhang,
2006). For instance, Powell identified issues with the PRP formula cycling without reaching
an optimum, even with line search techniques (Yao, Zengxin & Hai, 2006). Another class

Ibrahim et al. (2025), PeerJ Comput. Sci., DOI 10.7717/peerj-cs.2783 2/26

http://dx.doi.org/10.7717/peerj-cs.2783
https://peerj.com/computer-science/


of classical CG algorithms is presented by Fletcher & Powell (1963) (FR), Dai & Yuan
(1999) (DY), and Fletcher (1987) (CD) with the following formulas:

bFRk ¼ jjgkjj2
jjgk�1jj2

; bDYk ¼ jjgkjj2
dTk�1ðgk � gk�1Þ ;b

CD
k ¼ � jjgkjj2

dTk�1gk�1
: (7)

Unlike the first category of the classical CGmethod presented in Eq. (6), the class of FR, DY,
and CD methods is characterized by strong convergent properties. However, their
performance is affected by jamming phenomena (Hager & Zhang, 2006;Deepho et al., 2022).

To address these limitations, researchers have developed modifications to improve the
convergence and robustness of the CG formulas. One notable modification of the PRP
method restricts bk to non-negative values, resulting in the PRP+ variant:

bPRPþk ¼ max bPRPk ; 0
� �

: (8)

This formula improved the computational efficiency as well as the convergence results of
the PRP formula. The convergence properties of Eq. (8) were further explored under
suitable conditions (Gilbert & Nocedal, 1992; Powell, 1986). Additional modifications to
enhance the robustness of the CG methods include the Enhanced PRP (EPRP) formula by
Babaie-Kafaki & Ghanbari (2014), which introduces a parameter x � 0:

bEPRPk ¼ bPRPk � x
gTk dk�1

jjgk�1jj2
;x � 0: (9)

When x ¼ 0, this formula reduces to the classical PRP method defined in Eq. (6). Babaie-
Kafaki & Ghanbari (2017) later extended this modification by using bPRPþk instead of bPRPk ,
creating the EPRP+ variant:

bEPRPþk ¼ bPRPþk � x
gTk dk�1

jjgk�1jj2
;x � 0: (10)

The new modification possesses a relatively good numerical performance and the
convergence was discussed under mild assumption. For more reference on modifications
of the classical CG methods, (see Babaie-Kafaki, Mirhoseini & Aminifard, 2023; Yao,
Zengxin & Hai, 2006; Hager & Zhang, 2006; Zengxin, Shengwei & Liying, 2006; Hai &
Suihua, 2014; Awwal et al., 2023; Li & Du, 2019; Yu, Kai & Xueling, 2023; Ibrahim &
Salihu, 2025; Shao et al., 2023; Jian et al., 2022; Wu et al., 2023; Malik et al., 2021)

Other modifications include the Rivaie–Mustafa–Ismail–Leong method (RMIL) variant
proposed by Rivaie et al. (2012b), which revises the Hestenes–Stiefel method (HS)
denominator to enhance convergence:

bRMIL
k ¼ gTk ðgk � gk�1Þ

dTk�1ðdk�1 � gkÞ : (11)

In Eq. (11), the authors replaced the term ðgk � gk�1Þ in the denominator of the HS
formula with ðdk�1 � gkÞ and established the convergence under some mild assumptions.
It is obvious that the numerator of Eq. (11) is the same as that of the PRP method, thus, the
computation results of this method were evaluated using the classical HS and PRP Eq. (6).
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Rivaie et al. (2012a) extended the approach presented in Eq. (11) to define a new formula
as follows:

bRMIL�
k ¼ gTk ðgk � gk�1Þ

jjdk�1jj2
; (12)

and further simplified Eq. (12) to present another modification known as RMIL+ (Rivaie,
Mamat & Abdelrhaman, 2015) with the formula given as:

bRMILþ
k ¼ gTk ðgk � gk�1 � dk�1Þ

jjdk�1jj2
; (13)

The convergence analysis of these methods was discussed based on the following
simplification:

0 � bk �
jjgkjj2
jjdk�1jj2

: (14)

where bk follows from Eqs. (12) and (13). The inequality Eq. (14) is very significant in
discussing the convergence of the above RMIL formulas. However, a note from Dai (2016)
raised some concern regarding Eq. (14) which invalidate the convergence results of the
RMIL formula and further corrected the formula by imposing the restrictions

0 � gTk gk�1 � jjgkjj2 to the RMIL� CG coefficient Eq. (12). The introduction of this

inequality byDai (2016) has led to several variants of the RMIL-type methods (see; (Yousif,
2020; Awwal et al., 2021; Sulaiman et al., 2022)). These modifications are constructed
based on the restriction imposed on the RMIL formula and their convergence hugely
depends on the above condition. However, it is obvious that the modified RMIL might
become redundant if the inner product gTk gk�1 is negative or bigger than or equal to jjgkjj2,
and the search directions associated with them will reduce to the classical steepest descent.
A notable drawback of the steepest descent method is its tendency to converge slowly,
especially in ill-conditioned problems, as it often oscillates in narrow valleys of the
objective function landscape, making it inefficient for large-scale optimization. More so,
many of the CG methods available in literature face challenges, particularly in maintaining
a descent direction throughout iterations, which is crucial for ensuring convergence in
non-linear optimization problems.

This study addresses the identified limitations by designing a new conjugate gradient
formula in such a way that the restriction imposed by Dai (2016) is avoided and guarantees
the sufficient descent condition. The proposed algorithm incorporates a refined descent
direction condition, ensuring robust performance across various test cases and achieving
better global convergence properties under the strong Wolfe Powell (SWP) line search
conditions. The modified search direction is especially advantageous in situations where
classical methods tend to exhibit instability or cycling behavior, as it effectively mitigates
these issues while preserving computational efficiency.

The remaining sections of this study outline the formulation of the proposed algorithm
and provide a detailed convergence analysis. We also present extensive computational
results demonstrating the efficacy of the proposed algorithm in restoring degraded images,
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handling dynamic motion control in robotic systems, and solving unconstrained
optimization problems across diverse domains. These findings highlight the algorithm’s
potential and versatility for broader application in complex optimization situations,
suggesting promising future research directions in both applied and theoretical
optimization fields.

MATERIALS AND METHODS
The study by Rivaie et al. (2012a) claimed that Eq. (14) holds for all k � 1: However, Dai
(2016) countered that assertion by showing that gTk gk�1 � 0 is not guaranteed for all k:
This implies that condition Eq. (14) cannot generally hold for the bRMIL

k defined in Eq. (12).
Dai (2016) presented a modification as follows:

bRMILþ�
k ¼

gTk ðgk�gk�1Þ
jjdk�1jj2 ; if 0 � gTk gk�1 � jjgkjj2;

0; otherwise;

(
(15)

and further discussed global convergence using suitable assumptions. It is worth noting
that the convergence of different variants of bRMILþ�

k hugely relies on 0 � gTk gk�1 � jjgkjj2:
Remark 0.1 From Eq. (15), it is obvious that the coefficient bRMILþ�

k will likely become
superfluous and its corresponding dk reduces to the well-known steepest descent direction,
that is, dk ¼ �gk; if the inner product gTk gk�1 is negative or greater than or equal to jjgkjj2:
These are some of the drawbacks associated with the bRMILþ�

k :

From the above discussion, it is obvious to see that the bRMILþ�
k formula has been

restricted by the condition 0 � gTk gk�1 � jjgkjj2 which may not hold for general functions.
To address this issue, we present the following variant of bRMILþ�

k :

bSRMIL
k ¼ gTk ðgk � gk�1Þ

jjdk�1jj2
� h

gTk dk�1jjgk � gk�1jj
jjdk�1jj4

; (16)

and the new dk is given as:

d0 ¼ �g0; dk ¼ �gk þ 1
ck

bSRMIL
k dk�1 � bSRMIL

k gk
dTk�1gk
jjgkjj2

 !
(17)

where h > 0 and ck ¼ bSRMIL
k jjdk�1jj
ljjgkjj ; 0 < l < 1.

The following algorithm describes the execution procedure of the proposed method.

CONVERGENCE ANALYSIS
The assumption that follows would be important in studying the convergence analysis of
the new CG algorithm.
Assumption 0.2

(i) The underlying function, f ðxÞ; is bounded below on the level set
� ¼ fx 2 Rnjf ðx0Þ � f ðxÞg.

(ii) Denoting �̂ as some neighbourhood of � which is open and convex, then f is smooth and

gðxÞ ¼ rf ðxÞ satisfies the Lipchitz continuity on �̂ � �, that is,
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jjgðxÞ � gðyÞjj � Ljjx � yjj; 8x; y 2 �̂; L > 0: (19)

Remark 0.3 Based on the Assumption 0.2, it is not difficult to see that the following
conclusions hold

jjgðxÞjj � s; 8x 2 �; s > 0: (20)

jjx � yjj � b;8x; y 2 �; b > 0: (21)

Since f ðxÞ is a decreasing function and Assumption 0.2 shows that fxkg obtained using
the proposed scheme is contained in a bounded region, then it follows that fxkg is
convergent.

In what follows, we establish that the sequence fdkg produced by Algorithm 1 is
sufficiently descending.
Lemma 0.4 The sequence the fdkg from Algorithm 1 is sufficiently descent, that is:

gTk dk � �cjjgkjj2; (22)

holds for all k.
Proof

gTk dk ¼ � jjgkjj2 þ 1
ck

bSRMIL
k gTk dk�1 � bSRMIL

k

ðgTk dk�1Þ2
jjgkjj2

 !

� �jjgkjj2 þ ljjgkjj
bSRMIL
k jjdk�1jj

bSRMIL
k jjgkjjjjdk�1jj

¼ �jjgkjj2 þ ljjgkjj2
¼ �ð1� lÞjjgkjj2
¼ ��ljjgkjj2

Note: since 0 < l < 1; then ð1� lÞ is positive and hence, �l ¼ 1� l is also positive.

Algorithm 1 SRMIL algorithm.

Input: Initialization: x0 2 Rn; 0 < l < 1; h > 0; Termination tolerance e > 0:

Step 1: Obtain gk, if jjgkjj � 0, then

terminate the iteration process.

end

Step 2: k ¼ 0 or bSRMIL
k � 0; dk :¼ �gk;

dk ¼ �gk þ 1
ck

bSRMIL
k dk�1 � bSRMIL

k gk
dTk�1gk
jjgkjj2

 !
(18)

with the parameter bSRMIL
k being determined using Eq. (16) and ck ¼ bScaled RMIL method ðSRMILÞ

k jjdk�1jj
ljjgkjj :

Step 3:Determine ak such that Eqs. (3) and (4) are satisfied.

Step 4: Calculate new point using Eq. (2).

Step 5: Return to Step 1 with k :¼ kþ 1.
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The lemma that follows is crucial to the convergence of the new formula and can be
found in the reference (Zoutendijk, 1970).
Lemma 0.5 Suppose Assumption 0.2 holds and dk is sufficiently descending with ak being
determined by Eqs. (3) and (4). Then

X1
k¼0

ðgTk dkÞ2
jjdkjj2

< þ1: (23)

Remark 0.6 It has been shown in Lemma 0.4 that dk obtained by Eq. (18) is sufficiently
descending. Furthermore, ak is computed by Eqs. (3) and (4). Hence the condition Eq. (23)
holds for the proposed Algorithm 1.

Now, we prove the convergence result of the new formula.
Theorem 0.7 If Assumption 0.2 is true and fxkg is produced by Algorithm 1, then

lim
k!1

inf jjgkjj ¼ 0: (24)

Proof If Eq. (24) is not true, there will exist some constant c > 0 for which
jjgkjj � c; k � 0: (25)

We first show that there is a constant ŝ > 0 satisfying:

jjdkjj � ŝ: (26)

For k � 1 and bSRMIL
k > 0; then dk defined in Eq. (18) becomes

dk ¼ �gk þ 1
ck

bSRMIL
k dk�1 � bSRMIL

k gk
dTk�1gk
jjgkjj2

 !
;

and therefore,

jjdkjj � jjgkjj þ 1
ck

bSRMIL
k dk�1 � bSRMIL

k gk
dTk�1gk
jjgkjj2

 !�����
�����

�����
�����

� jjgkjj þ ljjgkjj
jbSRMIL

k jjjdk�1jj
jbSRMIL

k j dk�1 � gk
dTk�1gk
jjgkjj2

 !�����
�����

�����
�����

� jjgkjj þ ljjgkjj
jjdk�1jj jjdk�1jj þ jjgkjj2jjdk�1jj

jjgkjj2
 !

� ð1þ 2lÞjjgkjj
� ð1þ 2lÞs:

Hence, since s < ð1þ 2lÞs; then setting ŝ :¼ ð1þ 2lÞs yields Eq. (26).
Furthermore, by using Eqs. (22), (25) and (26), we get

X1
k¼0

ðgTk dkÞ2
jjdkjj2

�
X1
k¼0

jjgkjj4
jjdkjj2

�
X1
k¼0

c4

ŝ2
¼ þ1:

This is a contradiction with Eq. (23). Hence, Eq. (24) holds.
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RESULTS
Unconstrained optimization problems
This section evaluates the efficiency of the new Scaled RMIL method (SRMIL) formula on
some test functions taken from Andrei (2008) and Bongartz et al. (1995). The study
considered a minimum of two numerical experiments for each problem with the variables
varying from 2 to 1,000,000. The results of the proposed algorithm were compared with
formulas with similar characteristics from RMIL method (Rivaie et al., 2012a), RMIL+
method (Dai, 2016), spectral Jin–Yuan–Jiang–Liu–Liu method (JYJLL) (Jian et al., 2020),
New Three-Term Conjugate Gradient (NTTCG) method (Guo & Wan, 2023), and
Conjugate Gradient (CG) DESCENT method (Hager & Zhang, 2005). Each method is
coded in MATLAB R2019a and compiled on a PC with the specifications of Intel Core i7
CPU with 32.0 GB memory. The method is implemented under the Weak Wolfe Powell
(WWP) conditions Eqs. (3) and (4) with values r ¼ 0:1 and d ¼ 0:01. To stop execution,
we use the same criteria jjgkjj1 � 10�6, or iteration number is �10,000, with jjgkjj1
denoting the maximum absolute of the gradient at kth iteration. If an algorithm fails to
satisfy the stopping criteria, it will be considered a failure, and the point of failure will be
denoted by (���). The experiments result based on CPU time (Tcpu), Number of function
evaluation (NF), and iterations (Itr) is presented in Tables 1, 2, 3, 4. For clarity, we bolded
the best results, i.e., the lowest number of iterations, CPU time, and function evaluations,
respectively, to easily differentiate the performance of the algorithms.

To evaluate and compare the performances of all the methods, we use theDolan &Moré
(2002) performance metrics tool. For every formula, the tool graphs the fraction qsðsÞ of
every problem solved based on the number of iterations (NOI) as shown in Fig. 1, number
of functions evaluation (NOF) presented in Fig. 2 and CPU time given in Fig. 3. Note that
the right side denotes the test functions successfully completed all the algorithms while the
left-hand side of every graph represents the test problem percentage which defines the
algorithm with better performance. The upper curve is the method with the best
performance.

Observing all these graphs, we can see that the SRMIL formula is better than the RMIL,
RMIL+, spectral JYJLL, NTTCG, and CG DESCENT methods because it converges faster
and can complete more of the test functions.

Image restoration problem
This section investigates the performance of all the methods on image restoration models
by recovering the original image from noisy or degraded versions. This is a specific form of
unconstrained optimization problem, where the goal is to minimize the difference between
the restored and original images. These problems are currently gaining a lot of attention in
the research world due to their important applications in health and security (Malik et al.,
2023; Yuan, Lu & Wang, 2020; Yu, Huang & Zhou, 2010; Salihu et al., 2023a). For this
study, we consider restoring two images: CANAL ð512� 512Þ and GARDEN ð512� 512Þ
that were corrupted by salt-and-pepper impulse noise. The quality of the restored image
would be measured using peak signal-to-noise ratio (PSNR), relative error (RelErr), and
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CPU Time. The PSNR computes the ratio between the power of corrupting noises affecting
fidelity of the representation and the maximum possible power of a signal. This metric is
usually employed for measuring the qualities between the original and resultant images. A
method with a higher PSNR value has better quality output images (Nadipally, 2019). The
PSNR is computed as follows:

PNSR ¼ 10 � log10
MAX2

I

MSE

� �

¼ 20 � log10
MAXIffiffiffiffiffiffiffiffiffiffi
MSE

p
� �

¼ 20 � log10 MAXIð Þ � 10 � log10 MSEð Þ

(27)

where MSE denotes the mean square error used for assessing the average pixel differences
for complete images and MAXI represents the image’s possible maximum pixel value. A
highMSE value designates a greater difference between processed and original images. Yet,
the edges have to be carefully considered. The MSE is computed as follows:

MSE ¼ 1
N

XX
Ei;j � oi;j
� 	2

; (28)

where E denotes the edge image, o and N defines the original image and image sizes,
respectively.

Let x define the real image withM � N pixel, the image restoration problem is modeled
into an optimization problem of the form:

minHðuÞ;
and

Figure 1 Performance metrics for NOI. Full-size DOI: 10.7717/peerj-cs.2783/fig-1
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HðuÞ ¼
X
ði;jÞ2G

X
ðm;nÞ2Ti;j=G

faðui;j � nm;nÞ þ
1
2

X
ðm;nÞ2Ti;j\G

faðui;j � um;nÞ
8<
:

9=
;;

where G denotes the index set of noise candidates x define as:

Figure 3 Performance metrics for CPU. Full-size DOI: 10.7717/peerj-cs.2783/fig-3

Figure 2 Performance metrics for NOF. Full-size DOI: 10.7717/peerj-cs.2783/fig-2
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G ¼ fði; jÞ 2 Qj�nij 6¼ nij; nij ¼ smin or smaxg: (29)

Here, i; j 2 Q ¼ f1; 2; �;Mg � f1; 2; �;Ng whose neighborhood is define as
Ti j ¼ fði; j� 1Þ; ði; jþ 1Þ; ði� 1; jÞ; ðiþ 1; jÞg, smax and smin represent the maximum and

minimum of a noisy pixel. The observed noisy image corrupted by salt-and-pepper
impulse noise is given as n and �n is the adaptive median filter of n.

Also, fa in HðuÞ denotes an edge-preserving potential function define as

faðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ a

p
(30)

where a is a constant whose value is chosen as 1.
The performance results from the computational experiments are presented below.
Table 5 compares the performance of four methods (SRMIL, RMIL, RMIL+, and JYJLL)

on image restoration models across different noise levels (30%, 50%, and 80%). Two
images (“CANAL” and “GARDEN”) are considered, with CPU time (CPUT), relative error
(RelErr), and peak signal-to-noise ratio (PSNR) used as evaluation metrics. SRMIL stands
out as the fastest method, particularly at lower noise levels, where it provides competitive
restoration results with minimal computational cost. While it shows slightly higher relative
errors and lower PSNR at higher noise levels compared to RMIL+ and RMIL, it remains a
highly efficient choice for scenarios where speed is critical. RMIL+ delivers a competitive
performance at higher noise levels in terms of PSNR and relative error, but comes with a
higher computational cost. RMIL offers a middle ground with moderate performance,
while JYJLL is the least efficient in both quality and speed. Overall, SRMIL is the most
efficient choice for speed and quality trade-offs, especially at lower noise levels, making it a
strong option for time-sensitive applications.

The performance of SRMIL, RMIL, RMIL+, JYJLL was evaluated based on CPU Time,
RelErr, and PSNR, as summarized in Table 5 with the graphical representation of the best
performers presented in Figs. 4, 5, 6 respectively. It can be seen that all the methods are
successful on all the perception-based quality metrics discussed earlier. However, the
proposed method is acknowledged as the best performer because it produced the least CPU
time and higher PSNR values for all the noise degrees. This is supported by the fact that a
method with higher PSNR values produces better quality of the output images.

Table 5 Image restoration outputs for SRMIL, RMIL, RMIL+, and JYJLL based on CPUT, RelErr and PSNR metrics.

METHOD SRMIL RMIL RMIL+ JYJLL

IMAGE NOISE CPUT RelErr PSNR CPUT RelErr PSNR CPUT RelErr PSNR CPUT RelErr PSNR

CANAL 30% 48.4348 0.8080 31.4865 48.4444 0.7969 31.2218 48.5786 0.8270 31.2973 48.8289 0.7970 31.3173

50% 131.7956 1.3664 28.0092 104.9128 1.3886 27.7759 107.4118 1.2796 27.8678 137.1973 1.2892 27.7886

80% 168.4606 2.1083 24.8027 200.8903 2.6569 23.1556 195.5230 2.6070 23.1988 196.3052 2.6798 23.1988

GARDEN 30% 63.5339 1.1222 28.5409 63.5676 1.1348 28.3746 62.6936 1.1634 28.3828 66.3669 1.1752 28.4827

50% 128.4747 1.5731 25.5737 105.3938 1.7243 25.3806 227.0897 1.7072 25.2218 218.8192 1.7127 25.1822

80% 163.2581 2.2388 22.9950 195.6410 2.6818 21.7677 195.5568 2.7264 21.7584 181.9556 2.1472 21.8475
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Therefore, this demonstrates the importance of the proposed algorithm in solving some
applications as well as highlighting some challenges of developing new iterative algorithm
for real-life problems.

Application in robotic arm motion control
Robotic motion control are processes and systems employed to control the movement of
robots. This field encompasses different technologies and techniques to ensure efficient

Figure 4 CANAL & GARDEN images corrupted by 30% salt-and-pepper noise: (A, F), the restored
images using SRMIL: (B, G), RMIL: (C, H), and RMIL+: (D, I), and JYJLL: (E, J).

Full-size DOI: 10.7717/peerj-cs.2783/fig-4

Figure 5 CANAL & GARDEN images corrupted by 50% salt-and-pepper noise: (A, F), the restored
images using SRMIL: (B, G), RMIL: (C, H), and RMIL+: (D, I), and JYJLL: (E, J).

Full-size DOI: 10.7717/peerj-cs.2783/fig-5
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and accurate movement of robotic systems. Some real-world applications of these robots
include industrial automation where the robots perform tasks such as packaging, painting,
welding, and assembly. Also, service robots assist in hospitality or household chores while
medical robots include rehabilitation devices and surgical robots. The major problem of
robotic motion control often arises as a result of various factors including dynamic
uncertainties, actuator limitations, sensor noise, and environmental disturbances. For
instance, the robot may fail to follow the desired path accurately due to non-linearities,
delays, disturbances, and inaccurate modeling. This problem can be overcome by adaptive
control to adjust the parameters in real time or by using advanced control techniques such
as the currently used gradient-based methods.

In this study, the application of the proposed gradient-based SRMIL algorithm will be
demonstrated on a simulated robotic model. Our approach leverages the conjugate
gradient (CG) method within an inverse kinematics framework to optimize joint angles to
achieve desired end-effector positions. Specifically, we solve non-linear systems formulated
from the kinematic equations of the robotic arm, where the proposed CG method is used
to iteratively refine joint parameters to minimize positioning error.

The robotic model, originally defined with two degrees of freedom (2DOF) as detailed
in Sulaiman et al. (2022) and Awwal et al. (2021), has currently been extended to include
three degrees of freedom (3DOF) (Yahaya et al., 2022; Yunus et al., 2023). Noted that the
scope of this study for robotic motion control is limited to a simulated 3DOF robotic
system. This system is designed to evaluate the algorithm’s capability to handle trajectory
optimization and precision control challenges. The problem description begins with an
illustration of the planar three-joint kinematic model equation and the formulation of the
discrete kinematic model equation for three degrees of freedom as presented in Yahaya
et al. (2022), Zhang et al. (2019), Yunus et al. (2023).

Figure 6 CANAL & GARDEN images corrupted by 80% salt-and-pepper noise: (A, F), the restored
images using SRMIL: (B, G), RMIL: (C, H), and RMIL+: (D, I), and JYJLL: (E, J).

Full-size DOI: 10.7717/peerj-cs.2783/fig-6
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GðgkÞ ¼ qk; (31)

where qk 2 R2 and gk 2 R2 denote the end vector effector position and the joint angle
vector respectively. with gk 2 R2 denoting the joint angle vector, qk 2 R2 defining the end
vector effector position, and the function Gð�Þ representing the kinematic mapping whose
equation is formulated as follows:

GðgkÞ ¼ s1 cosðg1Þ þ s2 cosðg1 þ g2Þ þ s3 cosðg1 þ g2 þ g3Þ
s1 sinðg1Þ þ s2 sinðg1 þ g2Þ þ s3 sinðg1 þ g2 þ g3Þ


 �
; (32)

with s1, s2, and s3 represent the first, second and their rod lengths respectively. The
function Gð�Þ is responsible for mapping the active joint displacements to any part of the
robot gk 2 R2 or position and orientation of a robot’s end-effector. In the case of robotic
motion control, GðgÞ represents the end-effector position vector. To achieve the problem
formulation at a specific moment tk, we define the preferred path vector as ltk 2 R2. Based
on the preferred path vector, we can now formulate the following least-squares problem
which is addressed at every interval tk 2 ½0; tf 	:

min
g 2 R2

1
2

GðgÞ � ltk
�� ���� ��2; (33)

where ltk denotes the end effector controlled track and as described in Yahaya et al. (2022),
the Lissajous curves route required at time tk are generated using:

ltk1 ¼
3
2 þ 1

5 sin
ptk
5

� 	ffiffi
3

p
2 þ 1

5 sin
2ptk
5 þ p

3

� 	
" #

: (34)

Figure 7 End effector trajectory and desired path (A) and Synthesized robot trajectories of Lissajous curve (Eq. (34)).
Full-size DOI: 10.7717/peerj-cs.2783/fig-7
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ltk2 ¼
3
2 þ 1

5 sinð4tkÞffiffi
3

p
2 þ 1

5 sinð3tkÞ

" #
: (35)

ltk3 ¼
3
2 þ 1

5 sinð2tkÞffiffi
3

p
2 þ 1

5 sinðtkÞ

" #
: (36)

Observe that the structure of Eq. (33) is similar to that of 1 defined earlier which enables
utilizing the proposed SRMIL algorithm to solve this problem. For the experiment
simulation, the parameters used in the implementation are s1 ¼ 1;s2 ¼ 1, s3 ¼ 1; and
tf ¼ 10 s. Each link is connected by a rotational joint, enabling motion within a

two-dimensional workspace. The starting point gt0 ¼ ½g1; g2; g3	 ¼ ½0; p
3 ;

p
2	T with the

duration of task ½0; 10	 divided into 200 equal segments, providing a structured timeline

Figure 8 End effector trajectory and desired path (A) and Synthesized robot trajectories of Lissajous curve (Eq. (35)).
Full-size DOI: 10.7717/peerj-cs.2783/fig-8

Algorithm 2 Implementation of SRMIL method on 3DOF robotic arm model.

Step 1: Inputs: Initialize parameters t0, gt0 , tmax, g, and Kmax

Step 2: For k ¼ 1 to Kmax do

tk ¼ k � g;
Step 3: Evaluate Lissajous curves lntk1 ; n ¼ 1; 2; 3 using Eqs. (34), (35), (36);

Step 4: Compute gtk using SRMIL gt0 ; l
ðnÞ
tk ;i

� 

;

Step 5: Set gnew ¼ gt0 ; gtk
� �

;

Step 6: Output: gnew.

Ibrahim et al. (2025), PeerJ Comput. Sci., DOI 10.7717/peerj-cs.2783 19/26

http://dx.doi.org/10.7717/peerj-cs.2783/fig-8
http://dx.doi.org/10.7717/peerj-cs.2783
https://peerj.com/computer-science/


for the optimization process and allowing precise evaluation of the method’s performance
over time. The joint angles g1, g2, and g3 determine the configuration of the arm, and the
position of the end effector is denoted by qk 2 R2. This planar configuration ensures that
the arm can achieve various positions within its workspace, constrained by the total link
lengths and joint angles. The following algorithm describe the procedure used in solving
the problem.

The experimental results of the SRMIL for motion control are demonstrated in
Figs. 7–10.

The detailed explanation of the results is as follows. Figures 7A, 8A, and 9A demonstrate
the robot’s end effector model precisely following the desired path of Lissajous curve
Eqs. (34)–(36), respectively. While Figs. 7B, 8B, and 9B illustrate the synthesis of the
robot’s trajectories of the Lissajous curve Eqs. (34), (35) and (36), respectively. Figures 10A
and 10B represent the error rates of residuals, indicating that SRMIL recorded the least
errors despite the close competition the method faced from the classical CG-DESCENT
algorithm. The higher residual errors observed in existing methods might be due to
limitations in their ability to handle nonlinearities in robotic motion control tasks. On the
other hand, the low residual error rates recorded by the proposed SRMIL algorithm can be
attributed to its ability to efficiently handle the complexities and dynamics requirements of
the considered problems, and thus, demonstrate its efficiency and robustness in practical
application.

The study further compared the performance of the algorithms including SRMIL,
JYJLL, RMIL+, and RMIL on Lissajous curve problems (see; Table 6), using computational
time (CPUT) and iteration count (Iter) as evaluation metrics. For clarity, we bolded the
best results to easily differentiate the performance of the algorithms.

Figure 9 End effector trajectory and desired path (A) and Synthesized robot trajectories of Lissajous curve (Eq. (35)).
Full-size DOI: 10.7717/peerj-cs.2783/fig-9
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As observed in Table 6, the proposed SRMIL demonstrates strong performance,
achieving competitive or superior results in both metrics across all cases. RMIL+ closely
rivals SRMIL, especially for ltk1 , where it achieves the fastest computational time and
fewest iterations. RMIL shows consistent, reliable performance, slightly trailing SRMIL
and RMIL+ in most cases. On the other hand, JYJLL is the least efficient, with higher
iteration counts and computational times across all problems. Overall, SRMIL and RMIL+
emerge as the most effective algorithms, excelling in both iteration count and efficiency,
while RMIL remains a strong alternative. JYJLL’s relatively poor performance indicates it
may require further refinement for problems of this type. These results further
demonstrate the potential of SRMIL and RMIL+ for solving optimization problems
involving Lissajous curves, with SRMIL offering the best balance of computational
efficiency and convergence behavior.

CONCLUSIONS
In this article, we have presented a descent modification of the RMIL+ CG algorithm such
that the coefficient bk does not become superfluous. The proposed method was further

Table 6 Performance comparison of computational time and number of iteration for SRMIL, RMIL,
RMIL+, and JYJLL base on different Lissajous curves.

METHOD SRMIL JYJLL RMIL+ RMIL

LISSAJOUS CURVES EQUATION CPUT Iter CPUT Iter CPUT Iter CPUT Iter

ltk1 (34) 0.3839 64 0.3972 81 0.3672 62 0.3893 65

ltk2 (35) 0.3592 27 0.4000 30 0.3688 29 0.3597 27

ltk3 (36) 0.3175 38 0.4246 43 0.3173 38 0.3149 37

Note:
Best results are in bold.

Figure 10 Tracking the residual error of Lissajous curve along x axes (A), along y axes (B). Full-size DOI: 10.7717/peerj-cs.2783/fig-10
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extended to construct a new search direction that guarantees a sufficient decrease in the
objective function. The global convergence was discussed using the Lipschitz continuity
assumption. Numerical results on a range of test problems were reported to evaluate the
algorithm’s performance. Specifically, the new method demonstrated consistent
effectiveness by outperforming other algorithms, including CG-DESCENT, in terms of
iteration counts and function evaluations. Robustness was assessed by testing the
algorithm on problems with varying dimensions and initial points. Additionally, the
practical applicability of the proposed algorithm was validated through detailed
comparisons in image restoration and 3DOF robotic motion control simulation involving
a generic 3DOF system designed to capture typical challenges in trajectory optimization.
Future work will involve additional tests of the proposed algorithm, including sensitivity
analyses and real-world scenarios, such as experiments with actual robotic systems, to
further substantiate its robustness.
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